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Propositional logic

Propositions are statements that could be true or false. They have a corresponding
truth value.
Q

ex. “nis odd” and “n is divisible by 2" are propositions . Let's call them P and Q.
Whether they are true or not depends on what n is.

We can negate statements: =P is the statement “n is not odd”

We can combine statements:

and ® P A Q is the statement: NS odd. & N * Dtsidde \018 R
gc ® PV Qisthe statement:  n, \g dA. o nNAi¢ d\.\/\\ﬂ\‘b('\e_ ‘oza g

We always assume the inclusive or unless specifically stated otherwise.
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Examples

® |f it's not raining, | won't bring my

Symbol Meaning
capital letters | propositions umbrella. VD
N implies ® I'm a banana or Toronto is in Canada.
A and \/\C/ IRl
v inclusive or ® |f | pass this exam, I'll be both happy
- not

and surprised. ’P — A
AT s calnd = >R
- T— b N\% weop o A=
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Truth values

If it is snowing, then it is cold out.
It is snowing.
Therefore, it is cold out.

Write this using propositional logic:

P = Q
P O

How do we know if this statement is true or not?
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Truth table

P = Q

If it is snowing, then it is cold out. P = @

When is this true or false?

MmO
MmO
A
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Logical equivalence

P = Q -PVQ
PIQ[P=Q P Q|-P|-PVQ
T[T T T Tl g T
T|F F TIFIF| €
FIT T FIT] 1 T
F|F T FIF| T e

What is =(P = Q)?

P QX

i
3 Statistical Sciences
& UNIVERSITY OF TORONTO

July 11, 2022 7/30



Quantifiers

For all
“for all”, V, is also called the universal quantifier.

If P(x) is some property that applies to x from some domain, then VxP(x) means that
the property P holds for every x in the domain.

“Every real number has a non-negative square.” We write this as

UYxeflk x>0

How do we prove a for all statement?

ke x wn Xhe domain ow\o'\lvoo«\Q.
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Quantifiers

There exists

“there exists”, 3, is also called the existential quantifier.

If P(x) is some property that applies to x from some domain, then 3xP(x) means that
the property P holds for some x in the domain.

4 has a square root in the reals. We write this as
3 _
AvelR, A=K
How do we prove a there exists statement?

RPN TN Ve Lad x e Asman ¢ L. ?&;\% e

There is also a special way of writing when there exists a unique element: 3! .
For example, we write the statement “there exists a unique positive integer square root

of 64" as %\_ M,QLM < \c Y= G
GRS o (N = D3 L IN=%0,1 - 3
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Combining quantifiers

Often we will need to prove statements where we combine quantifiers.
Here are some examples:

@~_¢&s\ > Logical expression
Every non-zero rational number has a \QICLG)@\\Q&—L Ase@®> s4 (;Lg;-j‘

multiplicative inverse

Statement

Each integer has a unique additive in- _
verse \-)X-é_z 3\%6% <.t X—‘K’Q
f: R — R is continuous at xp € R¥ Yeso A%>0 s 4. \«\C‘Y,‘Q\L_%

= |40 -t 2 &
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Quantifier order & negation

The order of quantifiers is important! Changing the order changes the meaning.

Consider the following example. Which are true? Which are false?

Negating quantifiers:
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Q:s;“k

The negations of the statements above are:
(Note that we use De Morgan's laws, which are in your exercises:
“(PAQ)=-PV-Qand ~(PVQ)=-PA-Q.)

Logical expression Negation

Vg € Q\ {0}, 3s € Q such that gs =1 30(/6@\3,6% o t. Xt G OLS:}—]

VxeZ,3yeZsuchthat x+y=0 JyeZ va oD )(.-‘VL3¢O>\/

Ve > 0 30 > 0 such that whenever |x — = X.‘Ha

xol <8, [f(x) = )| < ¢ 3E>0 \}gpo WYole S
What do these mean in English? \, €0 - L Cep \ N3
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Types of proof

Direct

Contradiction

Contrapositive

Induction
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Direct Proof

Approach: Use the definition and known results.

Example

The product of an even number with another integer is even. I

Approach: use the definition of even.
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Direct Proof

The product of an even number with another integer is even

Definition
We say that an integer n is even if there exists another integer j such that n = 2j.
We say that an integer n is odd if there exists another integer j such that n = 2j + 1.

et n M EZ - Rssume N 1S even. Bta Jefimiion | i weons
%eﬁsi n=2a) r o \e earen

’Wm Mmn = M. & )/
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Definition

Let a,b € Z. We say that “a divides b", written a|b, if the remainder is zero when b is
divided by a, i.e. 3j € Z such that b = aj. —

Let a, b, c € Z with a # 0. Prove that if a|b and b|c, then a|c. I

o NRA SN
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If an integer squared is even, then the integer is itself even.

How would you approach this proof?
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Proof by contrapositive

P = Q@ -Q =— P
Pl Q|P = Q Pl Q|-P|-Q|-Q = P
T[T T T|IT|F|F T
T|F F TIF|F | T c
FIT T FIT|] T F -
F|F T FIF| T | T a
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Proof by contrapositive

If an integer squared is even, then the integer is itself even. }

We prove e conNe posie.
Lg—vhé% o.b. n=aX¥»\ Lx swme KEL

= G4\ vy YN
= Q (R4 ) )

:.Y\.g‘ EEN OM &:(a CQO,’%W\\\%\\O(\ -\/E L]

= = (PR
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Proof by contradiction

The sum of a rational number and an irrational number is irrational. J

e OLGGL ang- €6 IRVA . Suppese (0 ordlec Yo docive,
2k LGW\N‘&AECHOV\ . L
o ¥ T =%, 360

= U = Sle/ . We \now g SHQ\UQQQ‘ =

=) &
s & MR\AX
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Summary

In sum, to prove P — Q:

Direct proof: assume P, prove Q
Proof by contrapositive: assume —Q, prove =P
Proof by contradiction: assume P A =@ and derive something that is impossible
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Induction

Well-ordering principle for N
Every nonempty set of natural numbers has a least element.

Principle of mathematical induction
Let ny be a non-negative integer. Suppose P is a property such that

@ (base case) P(np) is true
@® (induction step) For every integer k > ng, if P(k) is true, then P(k 4 1) is true.

Then P(n) is true for every integer n > ng

Note: Principle of strong mathematical induction: For every integer k > ng, if P(n) is
true for every n = ng, ..., k, then P(k 4 1) is true.

&
7 Statistical Sciences
& UNIVERSITY OF TORONTO
July 11, 2022 22/30



nl>2"ifn>4. nNEIN J

We prove s \O\Ib \f\du!‘ ot AN N .

Bose cote: T =Yy N =AY > lo= 3%

Trdudove lppotesie . supyose € some Knt)WSRE
Q(:\r l)\ = S 12 \\QQ\S > QL_&' \\9\,1/\ > A '&K:’B’K*‘\D
BUTNS WS]\Q\ \r\o\d),svg_’/&\

\D?} (M oN .
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Every integer n > 2 can be written as the product of primes.

We prove this by induction on n.

Base case: n=3. . 4.1 ?(*\’V‘&
Inductive hypothesis: R )

Qm?pog—e_ Cor K29 We. CovL Mwmlf‘e, an N win 2ALn & k
Inductive step: u,é Ao Prod.u(ﬁ- o-@ ()(\\N\Q,S .

We wwst show we conm wal kel os (NC‘DOL“-CX ok
Rove S

TE k) & plive, we ave dove.
L el s wot pove ) Kk — o\ Q¢ sewe a0 W]

USk e t/duch\t ‘r\Dp, W Qe A(SV\Q lLOL,\o < I

CTWS 3¢ what
mesns fo rxoj\- be,
July 11, 2022 P59 30
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