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Outline

• Sequences

• Cauchy sequences

• subsequences

• Continuous functions
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• Equivalence of metrics
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Sequences

Definition (Sequence)

Let (X , d) be a metric space. A sequence is an ordered list of points xn, n 2 N, in X ,

denoted (xn)n2N. We say that a sequence (xn)n2N converges to a point x 2 X if
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HE> 0 3- ne EIN s . t.d-xn.IE for all n≥ne



Proposition

Let (X , d) be a metric space, and let A ✓ X . Then A is equal to the set of points in X
which are limits of a sequence in A.

Proof.
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A- : = { ✗ EX : HE> 0 BqnA -1-0}

⑤ Let ✗ c-A- .
Then by definition , for every E

> 0
,

BECH NA ≠ ∅ . In particular , this is true for
E- Yn

,

new .

For

any
new ,

we can choose xn-c-AS.tn
✗
n C- Byncx) , which means dcx

, xn) < 1h .

Since I ↓ 0 monotonically , Xn→ X .



Proof continued

Corollary

A set F ✓ X , where (X , d) is a metric space, is closed if and only if every sequence in

F which converges in X converges to a point in F .
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⑤ Let ✗C-✗ be the limit of a sequence Cxn)neon in A.
For every

E) 0
, T-nqc-NS.tdcxn.xk.EU n≥ne

.

⇒ For
every E> 0 , 3-xn c-A s -t XNEBECX ) .

i. V-E> 0
,
An Becx) ≠ ∅ . We conclude

✗c-A- .

A- C-X is closed⇔ A = A-



Cluster points of a set

Definition

Let (X , d) be a metric space and A ✓ X . A point x 2 X is a cluster point of A (also

called accumulation point) if for every ✏ > 0, B✏(x) contains uncountably many points

in A.
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Proposition

x 2 X is a cluster point of A ✓ X where (X , d) is a metric space if and only if there

exists a sequence of points xn 2 A, n 2 N, such that xn ! x .

Proof.
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⑤ Suppose 3- seguenee@n1nemrinAs.t . Xn→X .

Then V-E> 0
,
Be Cx) contains infinitely manyelements of the sequence xn .

Since each

XNE A
,
X is a cluster point of A .

⑤ suppose x is a cluster point of A.Then
for any E

> 0
, FXEEA sit . ✗et Beth .

Take 5-4h
. T-xnc-AS.t.intByncx)

By construction , Xn → X .



Combining the previous result with the limit characterization of closure gives the

following:

Corollary

For A ✓ X , (X , d) a metric space, we have

A = A [ {x 2 X : x is a cluster point of A}.
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Cauchy sequences

Definition (Cauchy sequence)

Let (X , d) be a metric space. A sequence denoted (xn)n2N 2 X is called a Cauchy
sequence if
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HE > 0 the C- IN s.tdcxn.im) < E for all him≥nq



Proposition

Let (X , d) be a metric space, and let (xn)n2N be a convergent sequence in X . Then

(xn)n2N is Cauchy.

Proof.
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Let E) 0
.

Let Cxn Inc- IN be a convergent sequencein xe.MG#ent0tEoiie exists nqc-INS.li .

dcx
, xn ) < E. 12 ltn ≥ne .

Let him ≥ ne , by triangle inequality ,
dCXn

, Xm) ≤ dcxn ,
✗I + dcx ,

Xm) <%-142
-
: (xn) neon is Cauchy

= {



Definition

A metric space where every Cauchy sequence converges (to a point in the space) is

called complete.

Proposition

Let (X , d) be a metric space, and let Y ✓ X .

(i) If X is complete and if Y is closed in X , then Y is complete.

(ii) If Y is complete, then it is closed in X .
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IR
,
112h with usual metrics

,

are complete



Proof.
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Ci ) Let × be a complete metric space . Let Y C-✗ be

closed . Let Cxn)new be a Cauchy sequence in 4 .

Since 4 EX
,
Cxnln c- in is a Cauchy sequence in×.

i. Centnew converges to XEX since X is complete
since Y is closed ,

we must have XEY .

-: 4 is complete
Iii) CX , d) metric space , TEX is complete .
Let cyn) neon

be a sequence in 4 that convergesto
y c-
X

. Lyn)new
is
Cauchy in ✗ Cand also

in 4)
.

Since 4 is complete , Cyn)new converges
to

y
' EY

.

Since sequences
in metric spaces

converge to unique point , y
=

y
'

-

: -Y is closed
.



Subsequences

Definition

Let (xn)n2N be a sequence in a metric space (X , d). Let (nk)k2N be a sequence of

natural numbers with n1 < n2 < · · · . The sequence (xnk )k2N is called a subsequence
of (xn)n2N. If (xnk )k2N converges to x 2 X , we call x a subsequential limit.

Example

((�1)
n
)n2N
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= { - I
,

l
,
-1

,
I
,
-
- - }

This sequence diverges . The subsequences @ 1)2)new
@1)

an - 1) new converge
to 1 and - 1

, respectively .



Proposition

A sequence (xn)n2N in a metric space (X , d) converges to x 2 X if and only if every

subsequence of (xn)n2N also converges to x .

Proof.
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⑤ Suppose every subsequence
of cxnlnc.IN convergesto XEX

.

Since Cxn ) near is a subsequence
of itself

,

it must converge to ✗ .



Proof continued
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⑤ Suppose Cxnlnein converges to Xtx .

Let cxma) ,⇐w be an arbitrary subsequence of

CXn)nEiN . Let E> 0 be arbitrary .

F.net/Ns.tdCXn,x)cEV-nZnq. Choose kq
such that nke ≥ n.ae (this must exist
since Chicken is strictly increasing) _

Then KK≥ kq, dcxn *)
< E. : .xn←→X



Continuity

Definition

Let (X , dX ) and (Y , dY ) be metric spaces, let x0 2 X , and let f : X ! Y . f is

continuous at x0 if for every sequence (xn)n2N in X that converges to x0, we have

limn!1 f (xn) = f (x0).

We say that f is continuous if it is continuous at every point in X .
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Theorem

Let (X , dX ) and (Y , dY ) be metric spaces, let x0 2 X , and let f : X ! Y . The
following are equivalent:

(i) f is continuous at x0

(ii) for all ✏ > 0, there exists � > 0 such that dY (f (x), f (x0))) < ✏ for all x 2 X with
dX (x , x0) < �

(iii) for each ✏ > 0, there is � > 0 such that B�(x0) ✓ f �1
(B✏(f (x0)))
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(i) f is continuous at x0
(ii) for all ✏ > 0, there exists � > 0 such that dY (f (x), f (x0))) < ✏ for all x 2 X with

dX (x , x0) < �

Proof.

(i) ) (ii)
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We prove the contrapositive .

E
.
> 0 s.t.US > 0 3-xs

c-× with dxtxs .xok§④but dyltcxg)
,
fcxo)) ≥ Eo

We need to find a sequence in X that converges toXobut the images do not converge .

Let 8 = In
,
NEIN .

We canpick a sequence xn using④ which converges to Xo . For each new ,

dy Lfcxn) , fcxo)) ≥Eo .
-

'

- EYE fcxn) ≠ tcxo ] .



(i) f is continuous at x0
(ii) for all ✏ > 0, there exists � > 0 such that dY (f (x), f (x0))) < ✏ for all x 2 X with

dX (x , x0) < �

(iii) for each ✏ > 0, there is � > 0 such that B�(x0) ✓ f �1
(B✏(f (x0)))

Proof continued

(ii) ) (iii)

(iii) ) (i)
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Using the definition of pre
- image & open ball

Let Cxn)nc- IN be a sequence in X that
converges to xo . Let E) 0 . By Ciii) D- 8>0s . -1 .

Bgcxo) ≤ f- ' (Be Cfcxo)))
.

⇒ If x c- Bg (Xo)
,

then x is such that

d.#Cxo) ,

fcx) ) L E
.

Since cxn)new converges , IN-01N s .

-1
.

dcxnix ) < 8 for n≥N
.

So by Liii) , dycfcxo
) ,tcxn))2E the≥N .



Corollary

Let (X , dX ) and (Y , dY ) be metric spaces and let f : X ! Y . The following are

equivalent:

(i) f is continuous

(ii) if U ✓ Y is open, then f �1
(U) is open

(iii) if F ✓ Y is closed, then f �1
(F ) is closed

July 15, 2022 20 / 29

i. him fcxn) = fcxo)
.

n-700



We need the following results about sets and functions:

Let X and Y be sets and f : X ! Y . Let A,B ✓ Y . Then

1 f �1
(A) ✓ f �1

(B)

2 f �1
(Y \ A) = X \ f �1

(A)

Proof.

Let (X , dX ) and (Y , dY ) be metric spaces and let f : X ! Y .

(i) ) (ii):
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MANAGEABLE ' (A) ≤ f- ' CB) (corrected after lecture

suppose f- is continuous (at every point
in X)

and let u EY
.
Let ✗ C- f- ' Cu) . Then fadeU

.

Since U is open , 3- Eo> 0 S - t .
B. EffCx)) c- U .

By the pr . -1hm Ciii) , 3- So> 0 s € . Bs
◦
Ex) ≤f-' CBqftcxD)

.SinceBeocfcx1) C-U , f-
'

CBE
◦
CtcxD) ≤ f- ' (a) .

Thus for each ✗ c-f- KU)
, 3- So>

0 s .

t

Bso (x) ≤ f-' (Bc
◦
(fcx))) ≤ f- I (a)_



Proof continued

(ii) ) (i)

(ii) ) (iii)

(iii) ) (ii)

July 15, 2022 22 / 29

:
.
f- ' (U) is open .

Let's use the def of continuity from pr.tw Ciii) .

i.e for ✗C-✗ , for Eso 3-8>0 Sit Bgcx) ≤f-' (Bg (fag)
Let XEX and let E) 0 be arbitrary .

Since Becfcx)) is open , by Cii) , f-
' (Belfast))

is also
open. since ✗ c- f- 1 (Betta )) ) , bydef of open set

, £820 s
.

t Bglx) c- f- '

CBEGCXID-wearedorie-gg.it⇒Ciii ) Let FEY be closed .

⇒ Y IF is open
⇒ f-1 CY (f) is open by CID

since f- ICY \f) = ✗\ f-
' (f)

,
f- ICF)

is closed .



Definition

Let (X , dX ) and (Y , dY ) be metric spaces and let f : X ! Y .

• f is uniformly continuous if for all ✏ > 0, there exists � > 0 such that for every

x1, x2 2 X with dX (x1, x2) < �, we have dY (f (x1), f (x2))) < ✏

• f is Lipschitz continuous if there exists a K > 0 such that for every x1, x2 2 X we

have dY (f (x1), f (x2)))  KdX (x1, x2)

Proposition

Let (X , dX ) and (Y , dY ) be metric spaces and let f : X ! Y .

f is Lipschitz continuous ) f is uniformly continuous ) f is continuous

Proof is one of your exercises.
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Contraction Mapping Theorem

Definition

Let (X , d) be a metric space and let f : X ! X . We say that x⇤ 2 X is a fixed point
of f if f (x⇤) = x⇤.

Definition

Let (X , d) be a metric space and let f : X ! X . f is a contraction if there exists a

constant k 2 [0, 1) such that for all x , y 2 X , d(f (x), f (y)))  kd(x , y).

Observe that a function is a contraction if and only if it is Lipschitz continuous with

constant K < 1.

Theorem (Contraction Mapping Theorem)

Suppose that f : X ! X is a contraction and the metric space X is complete. Then f
has a unique fixed point x⇤.
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Example

Let f :
⇥
�1

3 ,
1
3

⇤
!

⇥
�1

3 ,
1
3

⇤
be defined by the mapping x 7! x2. Assume we use the

standard Euclidean metric, d(x , y) = |x � y |. f has a unique fixed point because
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-

• [-1-3,1-3] is a complete metric space
• let x.ge [-1-3,1-3] , then

1×2-221=1 ✗ + yllx -yl ≤ 2-3 Ix - yl
i

-
f is a contraction with

1<=213
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