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Propositional logic

Propositions are statements that could be true or false. They have a corresponding
truth value. Q

ex. “nis odd” and “n is divisible by 2" are propositions . Let's call them P and Q.
Whether they are true or not depends on what n is.
. K A
We can negate statements: —P is the statement “n is not odd” Qs \,r>
glw‘\g\\o\t,ha S

We can combine statements:

0\‘(‘()\ e PAQ is the statement: . iS 0&& ok ™S NS Mle \qka AN
of ® PV Q is the statement: v % o&A\ of o\:\\/\\gk\okt D) ,

We always assume the inclusive or unless specifically stated otherwise.
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Examples
Symbol Meaning
capital letters | propositions
== implies
A and
\Y inclusive or
- not
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A s caimt
A=y \or"\vu;\Q um\a\—g\\o\

1A =S

® |f it's not raining, | won't bring my

umbrella.
CND

® |I'm a banana or Toronto is in Canada.
— e

C’ V\g\—/
° Ifﬁg’ch\is_m, I'll be both happy

and surprised. - <X R

S
Q z‘vﬁf\q
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Truth values

If it is snowing, then it is cold out. = X
It is snowing. 'P
Therefore, it is cold out. JL O Ayl

Write this using propositional logic:

ZA Y svxow\‘wo} . @ W9 o\ldh ot

How do we know if this statement is true or not?
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Truth table

P = Q@
If it is snowing, then it is cold out. PlR|IP = @
T| T -
. . T| F -y
When is this true or false?
F| T —
F| F 1
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Logical equivalence

P = Q -PVQ
PIlQIP= Q Pl Q|-P 'V Q
I EVAN T[Tl ¢ /T\
TI[F] [F TIFlel[<]
FiTl LT | FIT v/
FIFL AT ] FIF v \</

N\ =4

Whatis -(P = Q)7 A Q;,\ a) = PVa X)
TEPVE) ) =heN e
& T oo =Pnrn 1A
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Quantifiers

For all
“for all”, V, is also called the universal quantifier.

If P(x) is some property that applies to x from some domain, then VxP(x) means that
the property P holds for every x in the domain.

“Every real number has a non-negative square.” We write this as

YxelR | 20

How do we prove a for all statement?

Tale + i Yhe domain os\éx-k*rarj\ AN
: POA & ue
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Quantifiers

£ 3

There exists

“there exists”, 3, is also called the existential quantifier.

If P(x) is some property that applies to x from some domain, then 3xP(x) means that
the property P holds for some x in the domain.

4 has a square root in the reals. We write this as

>
Axe® 5, K=k
How do we prove a there exists statement?

Find €15 dowoin such har PO s e

There is also a special way of writing when there exists a unique element: 3! .
For example, we write the statement “there exists a unique positive integer square root

of 64" as
EARYCEZNE Sty
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Combining quantifiers

Often we will need to prove statements where we combine quantifiers.
Here are some examples:

Statement Logical expression

Every non-zero rational number has a

multiplicative inverse HCLQ ®‘\‘li \;\ sEQ st
S =

Each integer has a unique additive in- ﬁ'

YxeE AyeB sk

h f : R — R is continuous at xg € R X*V&:

V220 3950 sk v )lcS 2 \ 46 £\ et
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Quantifier order & negation

The order of quantifiers is important! Changing the order changes the meaning.
Consider the following example. Which are true? Which are false?

Wx e Ry eRx+y =2y &
>VYxeERIyeRx+y=2 1
C)EIXER‘V’yGRX—G—y:2 ey

IxeRIdyeRx+y=2 -

Negating quantifiers:

&
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The negations of the statements above are:
(Note that we use De Morgan's laws, which are in your exercises:
“(PAQ)=-PV-Qand =(PVQ)=-PA-Q.)

Logical expression Negation

Vg € Q\ {0}, 3s € Q such that gs =1 | q’e@\tﬁb—% §J$6® 0\3-:[: \

Vx €Z,3ly €Zsuchthat x+y=0 JXGTL %uc\\%*w’ SRS *@

\}LQ W e + U X+ =O\
Ve > 0 36 > 0 such that whenever |x — \a vh ) \b\ L/A J \al: k"‘a}
. xo| < 0, |f(x)—f(x0)\<e— g%,\O)XQl %50 Y L9 v
L#V%;tog%cieosg %ﬂ—n\‘ﬁ} Llé% Ii;?? \&O&\- j;CJ\%“C&/)/\ (/ \4’(}\ -£ (&bj \E \%——9
( SZOONBO) (frovo 5 ) AL o= )
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Types of proof

Direct

Contradiction

Contrapositive

Induction

&
7 Statistical Sciences
EUNIVERSITY OF TORONTO

July 10, 2023 13/25



Direct Proof

Approach: Use the definition and known results.

Example

The product of an even number with another integer is even. I

Approach: use the definition of even.
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Direct Proof

The product of an even number with another integer is even. I

Definition
We say that an integer n is even if there exists another integer j such that n = 2j.
We say that an integer n is odd if there exists another integer j such that n = 2j + 1.

Proof. | X nm SE . AsSuwe. NS eJven Le. %\)6% S
n =23y (by dofvikon) -
T\’\ef\ nM = ’tldm = Q_Y\E()M\ . %-\Y\QQ_ \)\Y\ 6% )
M 1S even \03 A intion.
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Definition

Let a, b € Z. We say that “a divides b", written a|b, if the remainder is zero when b is
divided by a, i.e. 3j € Z such that b = aj.

Let a, b, c € Z with a # 0. Prove that if a|b and b|c, then a|c. I

Proof. LeX} avcEE a0,

alb =y IET b b=a)
ble = 4Xeg ). c=b\X

Then c=bk =ajlk . Since skeaa\gw
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If an integer squared is even, then the integer is itself even.

How would you approach this proof?

)&q‘cg\\/\. ¥,‘;/§5¢\ ~- . . .

Statistical Sciences
UNIVERSITY OF TORONTO

July 10, 2023 17 /25



Proof by contrapositive

P = Q@ -Q = -P
Pl Q|P = Q Pl Q|-P|-Q|-Q = —P
T|T T T|T| F | F T
T|F F TIF| F [T ©
FI|T T FIT| T | F ~
F|F T FIF| T | T ~
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Proof by contrapositive

If an integer squared is even, then the integer is itself even.

Proof.

We. frove Xoa @v&fo\(pos‘\h\re,. L nQZ s\ XREE
L. on=qka|

TThon o> = QAW = gy qK+\ = (A2 \
SR | PYTSIIC W TURPAA Vs | \0\/(\] P N T =
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Proof by contradiction

Ascume e ‘5§OA€W\QM\¥$ arent e and dorine
o0 COVNCONARGN

The sum of a rational number and an irrational number is irrational.

Proof.
LeX 16@ ond ta TI\AL. %u?poﬁﬁ W ordoc Yo dba e
a  conrfoolicRon oy

QFC =S Wrere e Q.

Then == o= c\, CRE s- 16 B, WS s « (ewerrodiin
#K\Wion& O\lﬂ* mus e ‘\(roc\ﬁo*\ouk-
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Summary

In sum, to prove P — Q:

Direct proof: assume P, prove Q
Proof by contrapositive: assume —Q, prove =P
Proof by contradiction: assume P A =@ and derive something that is impossible
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Induction

Well-ordering principle for N
Every nonempty set of natural numbers has a least element.

Principle of mathematical induction
Let ny be a non-negative integer. Suppose P is a property such that

@ (base case) P(np) is true
@® (induction step) For every integer k > ng, if P(k) is true, then P(k 4 1) is true.

Then P(n) is true for every integer n > ng

Note: Principle of strong mathematical induction: For every integer k > ng, if P(n) is
true for every n = ng, ..., k, then P(k 4 1) is true.
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nl >2"ifn>4 (neN). I

Proof.  We_ R)'(‘OV“Q_’M e ‘wdk,\e}\\b\(\
%a&a case : n=4 L\;\ Ux3rAw\ = QX

= \b
Sme 4\ > :1* Y base caxe Wolds .

3.
e m%\@\%u\s Suppose for some k24 WV o

~
Then ,Q\l—\:\ - s ’fc AR \.(\ < %\\x\a\_ :Q&_ﬂ\\
~ '

o Xre_ InducAve,
@M%m \ewés ks\cLs Vd \/\A“)b‘:\’\l\q,%\

tu_@‘(\
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Every integer n > 2 can be written as the product of primes.

Proof. We prove this by strong induction on n.

Base case: n—="9 . . \& ()('\vv\q_‘ 20 —MAQ_ <ole et \/\o\&g .

Inductive hypothesis: SUL?PGQ&Q/ ~CQ>C K=zQa , We can wite a
ne E'& \(ﬁ& as Xhe Vrod_q_c;\‘ 0—‘% ‘3\’\\\(\0_83 Ve . 3\)\ e O
Pice suon YnaS =g, P K Yo

Inductive step:
We. wary Yo show —Hradr K\ @n be walen as Yo
@TOd)\L(:\- o‘€ rive S .
1—L x\ s (\W\Q_ J(\l'e,\/\-W‘Q, are dowe .
R A L\ —ao wheve 1oLk,
o T Thon by rd-LLénre, M@b‘“&x\% Yre comalon SbJ\o be?tigr/zs
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