
Exercises for Module 2: Set Theory

1 Let A = {x 2 R : x < 100}, B = {x 2 Z : |x| � 20}, and C = {y 2 N : y is prime} (A,B,C ✓ R). Find
A \B, Bc \ C, B [ C, and (A [B)c.

2. Is R⇥ R with the ordering (x1, y1) � (x2, y2) if x1  x2 a partially ordered set?
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AnB =3xER:(X = - 2011 (20 =x + 1003

B
=

(20,20)U3xERIE:1x1-203

BinC =

EytN:yis prime and

y
1263

BUC =3 xtE:(x1203U SyfIN:yis prime and y,20'y
AUB =EXER:(<100) v (XtEn x11003

AVB)=3xtR1R:x<1003

No. Take (x,y,
=(2:1) and (Xaiya)

=(2,8).

Then we have (2,1)=(2,8) and (2,8) = (24
but(2:1) F(2,8).

The
ordering is not anti-symmetric - nota partial order.



3. Let S be a non-empty set. A relation R on S is called an equivalence relation if it is

(i) Reflexive: (x, x) 2 R for all x 2 S

(ii) Symmetric: if (x, y) 2 R then (y, x) 2 R for all x, y 2 S

(iii) Transitive: if (x, y), (y, z) 2 R then (x, z) 2 R for all x, y, z 2 S

Given x 2 S, the equivalence class of x (with respect to a given equivalence relation R) is defined to consist
of those y 2 S for which (x, y) 2 R. Show that two equivalence classes are either disjoint or identical.
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Let X.,XatS such thatx,FX2. Let E, be theequivalence class
of
X, and Is be the equivalence class of Na

Note that two sets are either disjoint or not disjoint. If E, Ez
are disjoint,orare done. So we assume E, and Es are notdisjoint,with the goal of showing that theyare identical.

Sinceweassumedarenotdissot5yts
such thatyetitand

LetAGE. ELLER
by definition.i(y,z) eRby symmetry &transi (x,y) tR)tivity

EL(XaTER by symmetry
&transitivity (Xacy)tR)

E ZEE2.
Therefore E, =Es.



4. Let (X,) be a partially ordered set and S ✓ X be bounded. Show that the infimum and supremum of
S are unique (if they exist).
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Proof thatthe supremum is unique (infimum is similar):
Let(X.) be a

partially ordered set and SIX bounded.

Suppose in order to derive a contradiction that I has
two suprema: r, and rac

By the definition of supremum, sincer, is thesup and
ra is another upper bound, r,Ta

Similarly, since is is the sup and r, is anupper bound,
ra =r

By anti-symmetry of thepartial order I, r, =.
Thus ita partially ordered sethas a supremum, the



5. Let S, T ✓ R and suppose both are bounded above. Define S + T = {s + t : s 2 S, t 2 T}. Show that
S + T is bounded above and sup(S + T ) = supS + supT .

6. Let f : X ! Y , X,Y ✓ R, be defined by the map x 7! sin(x). For what choices of X and Y is f injective,
surjective, bijective, or neither?
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R. Since both SBT are bounded above, they both have asupremum.
Letx=supS and

y
=supT. By definition, s=xYstS and

tay FtET. Therefore setI xty AstS, ftET, so sit
is

an upper bound for S+T (i.e., S+T is bounded above).
Sam:sup(S+T) =xty.

We use the characterization of
sup from

Prop 2.22. We have already shown that sitis an upper bound for

S+T, so it remains to show that FEr0 7s+tt(S+T) such that
x +

y
-3s+t.

Letgo be arbitrary.
Since

Y-sups'JosssuchhasbeenSince

Thus 5StS,5tET such thatxstt...sup(S+T) =supLSIsupLT

Solution is notunique. Here is one solution.
injective:X =(-,E), Y =1
surjective:X

=1, Y =[- 1,7)

bijective:X
=(E.), Y =(-1,

neither:X=R,Y=I


