
Exercises for Module 3: Set Theory II and Metric Spaces I

1. Show that for sets A,B ✓ X and f : X ! Y , f(A \B) ✓ f(A) \ f(B).

2. Let f : X ! Y and B ✓ Y . Prove that f(f�1(B)) ✓ B, with equality i↵ f is surjective.
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LetA,BIX, f: X+Y. Let yef(AM).Then bydefinition, 5xcAm s.t. f(x)= y. Since XtA, this

means yef(A), andsinceXtB, this means yet(B).
...yff(A)nf(B).

Firstwe show f(f(B))&Bfor
any
fix +Y.

Letyef(f-(B1). Then 5 xef-(B) s.t. =f(x).ySince xef-(B), f(x)+B. Thus y
=f(x) - B.

Next, suppose that is subjective. We show thatB2f(--BI).

LetyEB. Since is subjective, ExtX s.t.f(x)=y. Since

yeB, xef-(B). Thus yof(--(BL),

Finallynowtheoutrapatite.Ifdose Ess n rjennective.
Then SyeY s.t f(x)fxtX. However, since f-(y)

=X by definition,y
yef(-il). So ABEY (Yitself) st. YGf(t-ct)).



3. Prove that f([i2IAi) = [i2If(Ai), where f : X ! Y , Ai ✓ X 8i 2 I.

4. Show that N and Z have the same cardinality.
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Letye f(YeAil
E) 5x = EA: s.t. f(x)

=

y
EC 7 :*I s.t. XtA**, f(x=y
Et Ef(Ait) for some i*tI

=yt,Ef(Ai)



5. Show that |(0, 1)| = |(1,1)|.

6. Show that the infinity norm ||x||1, x 2 Rn, is a norm.
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7. Let (X, d) be any metric space, and define d̃ : X ⇥X ! R by

d̃(x, y) =
d(x, y)

1 + d(x, y)
, x, y 2 X.

Show that d̃ is a metric on X.

8. Let X be a set and define d : X ⇥X ! R by d(x, x) = 0 and d(x, y) = 1 for x 6= y 2 X. Prove that d is a
metric on X. What do open balls look like for di↵erent radii r > 0?
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