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Outline

• Open and closed sets

• Sequences

• Cauchy sequences

• subsequences

• Continuous functions
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Definition (Open and closed sets)

Let (X , d) be a metric space.

• A set U ✓ X is open if for every x 2 U there exists ✏ > 0 such that B✏(x) ✓ U.

• A set F ✓ X is closed if F c
:= X \ F is open.

Note:

Proposition

Let (X , d) be a metric space.

1 Let A1,A2 ✓ X . If A1 and A2 are open, then A1 \ A2 is open.

2 If Ai ✓ X , i 2 I are open, then [i2IAi is open.
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⑳u

4 X are both open and closed



Proof. (1) Let A1,A2 ✓ X . If A1 and A2 are open, then A1 \ A2 is open.

(2) If Ai ✓ X , i 2 I are open, then [i2IAi is open.
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Let xtA, 1A). Then xtAn, 59,0 s.t.

Be, (x) =A, Also, xtAs, 7220 s.t Bga(x) = As.

Choose a =minds, E23. Then Balx) =(A,vAL).

Let XtIA:· SitI s.t. rtAi. Since A:
is

open, 5900 S.t. Bg(x)
= A:. Since

Ai? IAi, weare done



Using DeMorgan, we immediately have the following corollary:

Corollary

Let (X , d) be a metric space.

1 Let A1,A2 ✓ X . If A1 and A2 are closed, then A1 [ A2 is closed.

2 If Ai ✓ X , i 2 I are closed, then \i2IAi is closed.
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Definition (Interior and closure)

Let A ✓ X where (X , d) is a metric space.

• The closure of A is A :=

• The interior of A is
�
A :=

• The boundary of A is @A :=

Example

Let X = (a, b] ✓ R with the ordinary (Euclidean) metric. Then
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[xeX:XE>0 Bq()rA3
EXEA:720 s.t. Ba(x) EAB
ExeX:FELO, Bg(X) 1AF4

and BE(x) nA*P3

X =(a,b], y =(a,b),aX =3a,b3



Proposition

Let A ✓ X where (X , d) is a metric space. Then
�
A = A \ @A.

Proof.
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First, we show AI AIXA.

Letxe.Aclearlysee
XtAlOA.

Next, AIA 2A. Let ALA. Then XEA
and

xAA. XAJAmeans 5930 s.t. Bq(X) rA=d
or Becx)1A =0. Since XEA, the first is false,
so BaxnA=0 =Bg(x)-A. Thus xtR.



Proposition

Let (X , d) be a metric space and A ✓ X . A is closed and
�
A is open.

Proof.

Remark

In fact,
�
A =

S
{U : U is open and U ✓ A} and A =

T
{F : F is closed and A ✓ F}.
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A is open by definition.
We show a closed by showing

Al is open. Let

XEA? Then 5550 suchthat BaCxInA=Y.
Let yeB(x). ye AD by definition. Therefore
BaCx):As so is open.

* *



Sequences

Definition (Sequence)

Let (X , d) be a metric space. A sequence is an ordered list of points xn, n 2 N, in X ,

denoted (xn)n2N. We say that a sequence (xn)n2N converges to a point x 2 X if
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FELO IngeIN s.t. d(Xn,X)<E Xnzna



Recall: A =

Proposition

Let (X , d) be a metric space, and let A ✓ X . Then A is equal to the set of points in X
which are limits of a sequence in A.

Proof.
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ExeX:XE30 Bq(XMA43

⑦LetxEE. Then by definition,
IazO BaCXrAFD.

In particular, this is true for 2
=n,neIN.

For
any
neIN, we can choose XntA s.t. Xntyn(X).

Therefore d(X,xn) <n. Since indo monotonically,
Xat X.



Corollary

A set F ✓ X , where (X , d) is a metric space, is closed if and only if every sequence in

F which converges in X converges to a point in F .

Remark:
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⑦Let xEXbe thelimit of a sequence (XnImeIN in
A. F2>0 IngEN st. dxn,X)<E FnIng
This means FeLO, AXntA s.t. XntBa(x),
... *ELO, AnBECX=0...xt.

FIX is closed () F
=E



Cluster points of a set

Definition

Let (X , d) be a metric space and A ✓ X . A point x 2 X is a cluster point of A (also

called accumulation point) if for every ✏ > 0, B✏(x) contains infinitely many points in

A.
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⑱



Proposition

x 2 X is a cluster point of A ✓ X where (X , d) is a metric space if and only if there

exists a sequence of points xn 2 A, n 2 N, such that xn ! x .

Proof.
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⑤Suppose Ia sequence (xnInap in A s.t. XntX.
Then FECO, Ba(x) contains infinitely many elementsof thesequence (Xn)ntIN. Sincethe XntA, X is
a cluster point of A.

⑦Suppose X is a clusterpoint of A. Then FEO,

IXgEA s.t. XgtBq (x). Take 9=h.
7 XneA s.t. XntByn(X). By construction,Xn + x.



Combining the previous result with the limit characterization of closure gives the

following:

Corollary

For A ✓ X , (X , d) a metric space, we have

A = A [ {x 2 X : x is a cluster point of A}.
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Cauchy sequences

Definition (Cauchy sequence)

Let (X , d) be a metric space. A sequence denoted (xn)n2N 2 X is called a Cauchy
sequence if
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FELO IngEIN s.t. dIXn,Xm)<E Fn,m=ng



Proposition

Let (X , d) be a metric space, and let (xn)n2N be a convergent sequence in X . Then

(xn)n2N is Cauchy.

Proof.
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Letas 0. Let (xnlnain be a convergent sequence
in Xwhich

converges
tosome xeX. Then EngtIN

s.t. d(X,X)/ Fn=ng.
Letn,m =ha. By the triangle inequality,
d(Xn, xm) =d(Xnix) +d(Xm,X)c+E

=-2
.. (Xn)nEIN is Cauchy



Definition

A metric space where every Cauchy sequence converges (to a point in the space) is

called complete.

Example:

Proposition

Let (X , d) be a metric space, and let Y ✓ X .

(i) If X is complete and if Y is closed in X , then Y is complete.

(ii) If Y is complete, then it is closed in X .
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R, I" with usual metrics are complete



Proof.
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(i) Let X be a complete metric space and Y2Xbe
closed. Let (Xnlnew be a Cackhy sequence in Y.Since YeX, (XnIntIN is a Cauchy sequence in

X.
..ynein has toconverge XEX since X is completeSince Y is closed, we must have xtY.

... is complete.
(ii) Let i2Xbe complete. Let Cynintto be a
sequence in thatconverges tosome yeX. LynneINis Cauchy in X (and inY). SinceY is complete, Cyn)ne
converges to y'eY. Since sequences converge to

apoint, yetit
is closed.



Subsequences

Definition

Let (xn)n2N be a sequence in a metric space (X , d). Let (nk)k2N be a sequence of

natural numbers with n1 < n2 < · · · . The sequence (xnk )k2N is called a subsequence
of (xn)n2N. If (xnk )k2N converges to x 2 X , we call x a subsequential limit.

Example

((�1)
n
)n2N
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=E - 1,1, - 1,1, - 1,2, - 1,...-3
This sequence ages. The subsequences (All*YreIN
and E1122-)nEIN converge

to 1 and -1, respectively.



Proposition

A sequence (xn)n2N in a metric space (X , d) converges to x 2 X if and only if every

subsequence of (xn)n2N also converges to x .

Proof.
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⑦Suppose thatevery subsequence of (xn)mein converges
toNEX. Since (XnIntIN is a subsequence
of itself, (XnImEIN converges

to X.

⑰Suppose (Xn) new converges to xEX.
Let(XnKENN be an arbitrary subsequence
of XnInEIN.



Proof continued
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Let 920 be arbitrary. IngEIN
such that d(Xn,xc3 AnI na. Choose

kg such that rang. This must exist

SinceM) KEIN is strictly increasing.
Then Ak=Ke, d(Xn, x) < E.

.Xnk ->
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