Module 4: Metric Spaces lI

Operational math bootcamp

g

Statistical Sciences
X UNIVERSITY OF TORONTO

Emma Kroell

University of Toronto

July 17, 2023

July 17, 2023

1/26



Outline

® Open and closed sets

® Sequences

® Cauchy sequences
® subsequences

e Continuous functions
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Definition (Open and closed sets)

Let (X, d) be a metric space.
e Aset UC X is open if for every x € U there exists € > 0 such that B.(x) C U.
® Aset F C X is closed if F€:= X\ F is open.

Note: Cﬁ;X are erth o pen ande Oogedh

Proposition

Let (X, d) be a metric space.
@ Let A1, Ay C X. If Ay and A, are open, then A1 N Ay is open.
® IfA; C X, i€l are open, then U;c,A; is open.
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Proof. (1) Let A;, A2 C X. If A; and A; are open, then A; N Ay is open.
Lok e, 0A) . Thea xeh. | Ae >0 s
%&J((JX)C’A'\ P{\&O /Y:e'p‘fé_ \36’3'>O S—b BCC»K\C‘A

Orooce. %:mm%&\ Eak. Then BN NAY)

(2) If A; € X, i €] are open, then U;c/A; is open.
Let xe U A, R L ). w6 AL Siace N s
Open | 3%‘) O <.t. %E’bq [ AN

fo. LS QAL | we are done
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Using DeMorgan, we immediately have the following corollary:

Let (X, d) be a metric space.
@ Let A1, Ay C X. If Ay and A, are closed, then A1 U A, is closed.
® IfA; C X, i€l are closed, then N;c;A; is closed.
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Definition (Interior and closure)
Let A C X where (X, d) is a metric space.

® The closure of Ais A:= G y.e Xo. NE2O Bg(z\\ NA =+ 9575

* The interiorof Ais A= ¢ Y& N: De>O et %f_ﬁ%} <A

® The boundary of Ais 9A:= £ xe X : NE> 0O | B ()N A +
and. B ) NRED K

Let X = (a, b] C R with the ordinary (Euclidean) metric. Then
Y:EQ L\D—X ) %:QO\&\O\ J %»(: %q\\oﬂ(s
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Proposition

Let A C X where (X, d) is a metric space. Then A= A\ A.

Proof. ‘F‘\rs)VJ We_ NDW ﬁ < A\SA L.

let fxe—ﬁ- AL20 s\ BCC)Q%,A, Qleacly, wel . Ao
AE>0 sk, W‘T\{\u&b 43N, 0
XEA\MA.

Nexd | FAIAE B Lok xeANRA. TTron el acd\

X%BP:. LEJI means Xe>o gt Bab(\ oh=0
oF BeONVNAC = 0. Sine xe A | tre Keelr is Lalse,
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Proposition

Let (X, d) be a metric space and A C X. A is closed and Ais open.

Proof.
A e vpen oo, dafiraRon . N
We show A Z\DM \()\63\(\_0\,]'\ A= s open. LeX

xc R Tren 2AE>0 sudn Ry CONA=0.
Lok v 6B (). %ﬂ_\c' by, doBnR  Trorelore
2 c A€ (6& ;qc‘\ YN\

ﬁ( In fact, A = U{U: Uis open and U C A} and A= {F: F is closed and A C F}. *
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Sequences

Definition (Sequence)

Let (X, d) be a metric space. A sequence is an ordered list of points x,, n € N, in X,
denoted (xn)nen. We say that a sequence (xp)nen converges to a point x € X if

yero Anee™N sbo Al X T ¥n=ne
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Recall: A = '{xex N&o &E_ (X DA#¢E
|

Let (X, d) be a metric space, and let A C X. Then A is equal to the set of points in X
which are limits of a sequence in A.

Proof-

D) Let xR Thon by debadion | Y5O Ba <) /\A#éﬁ
AN ?a(‘*\Cm\Q(‘ RANCS \0\3 ewve \-()0\‘ 2 =R ﬁQM

RT aw V\-E‘/\\\s we can Moose X, 67&: L4, ')(,VL%%\/ Q(\
“rowe e, OX(\,\A )Lv\\ A‘. S\V\C_Q %\Q)O W\O‘(\b‘\'o‘(\kca\oj
N A,
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@ Led xeX e M \wivk of o o (X rend N
A N2 AngeN st A )8 I
Tws means Y50 Axe A sbe wpeRe(),
N0 ANR (A=g. - e X

A set F C X, where (X, d) is a metric space, is closed if and only if every sequence in
F which converges in X converges to a point in F.

Remark:

Tk s oyed & =
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Cluster points of a set

Definition
Let (X, d) be a metric space and A C X. A point x € X is a cluster point of A (also
called accumulation point) if for every € > 0, B.(x) contains infinitely many points in

A.
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x € X is a cluster point of A C X where (X, d) is a metric space if and only if there
exists a sequence of points x, € A, n € N, such that x, — x.

Proof.

@ &WP&%Q/ & o} %QQ\\AQY\QQ ()&n\v\c,N W A g{ Yo X
Then N30, B0 coddare didlel ey ek
ot e %Q%UQ\J\CQ U e -Sine e L EA | X S
a c\\k&M Fb\\)év “‘c /\

@ S“ﬂbb% K s o cluster (HW\ ok N Then 9 >0,

Aol sb. xee® 0O, Take 2571

. 3 Yaehe st AR (0. %.a CDY\&&CVLC)(\QV\)
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Combining the previous result with the limit characterization of closure gives the
following;:

For AC X, (X, d) a metric space, we have

A= AU{x € X : xis a cluster point of A}.
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Cauchy sequences

Definition (Cauchy sequence)

Let (X, d) be a metric space. A sequence denoted (xp)neny € X is called a Cauchy
sequence if

9’ >0 i(\ E»/%N 3.4, A«()L(\ )Xm\ LT \(}‘{\‘w\é ﬂt

V
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Let (X, d) be a metric space, and let (x,)ncn be a convergent sequence in X. Then
(xn)nen is Cauchy.

Proof. | e\ >0 . L% LM\V\ oM Ve a conven éQolqu\g;Q_
in Y RN contenees 1o some AKX . Then A\n&eN
S& O\Q()X“\L Eﬁ\}“?‘“i.

et M =WNe . %16 e Fiia e um\\%s
A ) € 3 (rn 2 At 1) € E+ 5

D>
= ¢
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Definition

A metric space where every Cauchy sequence converges (to a point in the space) is
called complete.

E le:
e R ; RN LT \}\,S\)\O\Q/ welics  ave com‘o\éra

Let (X, d) be a metric space, and let Y C X.
(i) If X is complete and if Y is closed in X, then Y is complete.
(i) If Y is complete, then it is closed in X.
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Proof. (1) LeXx X e o amplale moe spae and NEX be
cwsed.. Lek Ctreny e o Co\udm/%\ Teguenca N N,
g\Y\CQ, \(C‘-X L\(n\y\ﬁ,ﬁ\\ s o Caugh W\&,\“y

L\c\v\em ol Yo comver x{j)zk dnca. X s ch\Aoﬁﬁ
S\MQ, N s dosed g af’\w%r Wave. X&'\
" U A€ C,OW\P\Q/
C‘N Let Ve X Yo @V\\P\Q/sfe. ek Chan\ﬂﬁm be. o
%COL%V\ Y o c,()vx\rOr Yo oo &9
1S Ca m X LOJ\Au W\\{B S X i ©

oS o g eY . Sine %\eﬂw\k«j@g\
GRS romowo O LU poids \?\_%\\ X LD N 3 CER&QLM ol

mﬁwfo



Subsequences

Definition
Let (xn)nen be a sequence in a metric space (X, d). Let (nk)ken be a sequence of
natural numbers with n; < ny < ---. The sequence (xp, )ken is called a subsequence

of (Xn)nen- If (xn,)ken converges to x € X, we call x a subsequential limit.

((—1)”),,€N:%J\\‘—l)\\—\,\\,—\\-“ A
Thig SR AerelS . The subtesuens, =V e N

CU\DX @\a“_\\\!\e\,\ﬂ rie,v,({e, Yo \ a\/\d -\ )ve.ngc b
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A sequence (xp)nen in @ metric space (X, d) converges to x € X if and only if every
subsequence of (xp)nen also converges to x.

Proof.

@ %Wmc& J(\r\oé\\ QW\G Bu\ﬁ&g\‘u@r\m_ st Q)QAV\E._\\Q
lo %%\L S\Y\QQ, L\Lvmr\t\.& A %\A.\O%QD\/uQ,\(\C—Q—
ot \‘\Qse/\(*\ uV\\Y\eLM DWW S Yo AL

Swppose (X)) neny mem?ﬁa Yo E K.

| QX L},\K\ e ) e an Qx> \6 3\&\&%9_0\%)(\&@
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Proof continved  }e% £ > O e o lvtrary - XA S N
Sudn Ynas Ak X\ L& \}\niaﬂor__ Coose
kt sucdne Yo (\K&Eﬂa_ ATSSS RS ex\gr
Sin, Q\j\\ O S Ayl ‘u\cvxeg&u\ma.

/D‘QJ’\ \&KQK@\ &()QY\\(\ \ﬂ\ L (C, ,

\(v\\g"‘% K
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