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Propositional logic

Propositions are statements that could be true or false. They have a corresponding
truth value. o m=%, P is drie A Q Jaloe
F‘

ex. “nis odd” and “n is divisible by 2" are propositions . Let's (?gll them P and Q.

~Ae—— K
Whether they are true or not depends on what n is.

We can negate statements: =P is the statement “n is not odd"

AN~
. m&{'P
We can combine statements:

wwd ® PA Qis the statement: [ aed Q= " nis odd  osed “olovisble l’72

¢v e PV Qisthestatement: [ 5 Q& = “us o[{&(é or A IS Avvishle ‘)724

We always assume the inclusive or unless specifically stated otherwise.
N —

“ b or Q05 e 7 Botl Pod Q s dyu”
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Examples /= O  LF [ ks, e @ holdls
/*\3 1'})5 v‘w‘m/\«}
6: I ‘)V/‘\—\g_ m7 [“4'7;%{[0\

Symbol Meaning ® |f it's not raining, | won't bring my
capital letters | propositions umbrella. 5 p =P
I'm a banana/or 'I'grgnt_ois_ln_Can_cla_
A and f"’—‘“ 0
Vv inclusive or e |f | pass th|s exam, I'll be both happy
- not and surprised. Q P

5
Q@ = (RAS)
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Truth values

If it is snowing, then it is cold out.
It is snowing. P
Therefore, it is cold out. [

Write this using propositional logic:

P = R

How do we know if this statement is true or not?
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Truth table

P = Q@
If it is snowing, then it is cold out. PlQIlP= Q@
TI|T T
When is this true or false? TIF =
FI|T T
F|F T
<

When P ¢ F, el vehe
°'f Q ofoes ho’f‘ MI(H’{,)'
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Logical equivalence Joamat .

p=) & oA
al% va Gpc (0}7cov“7 €iul'\/fv[‘-u-f,
"= -PVQ
PlQ/P= Q@ FTOToP
T TITlell *
i T F| T[T T
F|F T FIET T \/r

What is =-(P = Q)?
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Quantifiers

For all

“for all" (also read “for any”),@is also called the universal quantifier.

If P(x) is some property that applies to x from some domain, then VxP(x) means that
the property P holds for every x in the domain.

Fev oy &, POX) Lelds,
“Every real number has a non-negative square.” We write this as

Vxel , x°20
How do we prove a for all statement?

Toke  arbibriy % ocd shae L] g fruc

&
3 Statistical Sciences
EUNIVERSITY OF TORONTO

July 8, 2024 8/25



Quantifiers

There exists
“there exists”, d, |is also called the existential quantifier.
If P(x) is some property that applies to x from@ome domain, then 3xP(x) means that

the property P holds for ome x)in the domain.

4 has a square root in the reals. We write this as
2
Jxelk , =4
e a there exists statement? « “ -
oersts AM/( "\h{p,:

2 fuely M P(«) ) f{'wue )
There is alsoa special way of writing when there exists a unique element
: “ . . O AN, . .
For example, we write the statement “there exists a unique positive integersquare root

of 64" as

How do we pro

Awe,  x=i4
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Combining quantifiers

Often we will need to prove statements where we combine quantifiers.
Here are some examples:

Statement Logical expression
Every non-zero rational number has a v 9

C [\ 2 e -
multiplicative inverse *ER {o} ! s ed \(O} ril Xae

Each integer h i dditive in- Y pry =
ach integer has a unique additive in 7(03//2( 7Ee% i, ’?('(’%>O

verse

f:R — R is continuous at xp € R
Y60 2550 st (x-Kl<S5 D [ -fw|<
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Quantifier order & negation

The order of quantifiers is important! Changing the order changes the meaning.
Consider the following example. Which are true? Which are false?

—

Vxe RVye Rx+y=2 -
VxeRIyeR x+y=2 T
IxeRVyeRx+y=2 F
IxeRIdyeRx+y=2 T

Negating quantifiers:
SVxP(x) =(3x(—P(x)) ersts ot V(”‘) doves y\y’f’tkld{.
IXP(x) =(VX(=P(x)) o oy X, P(X) i ot hue

July 8, 2024 11/25
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The negations of the statements above are:
(Note that we use De Morgan's laws, which are in your exercises:
—(PAQ)=-PV-=Qand =(PV Q)=-PA-Q)

Logical expression Negation

g€ Q) € Quuchthatas=1 2¢c o\ ¥iem f 4o |

Vxe Z(3ly € Zuch that x+y=0 =€ i
nertst! ek wpes’ (Yze ~tzpzo) \/(?ﬁbne‘?{/%’k *,

Y, "% 0D
Ve > 0 36 > 0 such that whenever |x — A1y= NP>
_ 9
x| <0, [f{x) = fixo)| <e 250 Vi Tl
/ /

st ((x-%(45) A (Iqﬁwffwlz@

What do these mean in English?
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Types of proof

Direct

Contradiction

Contrapositive

Induction
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Direct Proof

Approach: Use the definition and known results.

Example

The product of an even number with another integer is even. I

Approach: use the definition of even.
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Direct Proof

The product of an even number with another integer is even. I

Definition
We say that an integer n is even if there exists another integer j such that n = 2j.
We say that an integer n is odd if there exists another integer j such that n = 2j+ 1.

Proof. L_v'{' 'VL//)./L eQ‘ ol affum— ML (S  evel,
T 27 €% t. m~ 2).

T e 2] m = 2(Jm) T even by de "““}'W/
o
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Definition
Let a, b € Z. We say that “a divides b", writte
divided by a, i.e. 3j € Z such that b= aj.

Let a, b, c € Z with a # 0. Prove that if a|b and b|c, then a|c. I

Proof.
O ek T TORCE &) oA TAEF st Cobh

Thn c= bty = (lef) b = OLU/L,)_

/[.[/L't re 6‘0%( Y QA 0( ¢ VU‘(—.} C / ‘
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If an integer squared is even, then the integer is itself even. |

How would you approach this proof?

"= am %= S 7

Dot pm‘f does wot work wel |
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Proof by contrapositive

P

= Q

P = Q

M| M -

| |0

—~| = 7|
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Proof by contrapositive

If an integer squared is even, then the integer is |tsglvfﬂe_n. |

Proof. P &
I"\fl""{ Vj- Pr})Q/ e caw ‘J’L\W 7&7}/,{9

W< prove A Ood’r«paf,'/'/\t .
LAt A €% 5 odd.

77
foo s GF) 2 2080) ]
oeldl .

L
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Proof by contradiction
Toded of P A, oswne PN7Q oA fod  cutredicfon,

The sum of a rational number and an irrational number is irrational. I

Proof. | 4+ A €® ol Z € R\R.
Sepporc wtF=5 & Q.
Thea > < E“ X = pediona |.

—

t‘lrw'[‘h'wl /\\ //)
V’Q‘]‘r‘okul

TLMS Iy ka-'l‘rahcl = rattwe l vhich v« CWL%V"“" e fen.
/
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Summary

In sum, to prove P — Q:

Direct proof: assume P, prove @
Proof by contrapositive: assume —@Q, prove —P
Proof by contradiction: assume P A =@ and derive something that is impossible
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Induction

Well-ordering principle for N

Every nonempty set of natural numbers has a least element.

Principle of mathematical induction
Let ng be a non-negative integer. Suppose P is a property such that
©® (base case) P(@ iStrue | Sty pont
@ (induction step) For every integer k > no, if P(k) is true, then P(k + 1) is true.

Then P(n) is true for every integer n > ng

Note: Principle of strong mathematical induction: For every integer k > ng, if P(n) is

true for every n =ng, ..., k, then P(k+ 1) is true. )
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nl >2"if n>4 (neN). |

Proof.
Prse a5t - feppeie M7 4.
LHS = 41> 2% ) oc. LHS S RHS.
PUS = 2* = &4
VA
Londuckive . hypefbsts Copore . A0 227 Jor A21,
Thar 2% L ox 2% < 2 x bl L b)xhb! = (4t])]
l’)7 Hir Mduchive ,/'7pﬁﬂf5r{
2 Satstical Siences /Cl\_.ck«-J'W'( / ’H"L O{""\"" L\”(JS OCCV 07 N 2 [f )17 {y A.IAC/-HO/.
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Every integer n > 2 can be written as the product of primes. I

Proof. We prove this by strong induction on n.

Base case:

m=) . 205 prwe. So M ¢hfanat helds %w‘vr‘cl{;,

Inductive hypothesis: Suppb)‘t- &V ywy , 0 N C—l[)_/ /éj
Can bhe wrte, S fle (}r'wbsz o [wl‘wt;,

Inductive step:
Consider Atl
Case (1 Tf At g priee, fonn M sfotemend lled s 'frrVH”z
(g 2 T4 At 05 nef prime, 7 b €(2,4] st
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_ﬂ/wv] , 417 fﬂ\t fndichive L7[wﬂ¢5r5/ [‘M’d\ a ol b
Can b< writf<n L7 Hhe prwﬁwf of {7""’*65.

ﬂw& Atl= ab  coan he U/Vfﬁq,\[,,? P prﬂcl':hcd‘
ot priees.
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