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Outline

® Open and closed sets

® Sequences

® Cauchy sequences
® subsequences
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Definition (Open and closed sets)

Let (X, d) be a metric space.
® Aset UC Xis open if for every x € U there exists € > 0 such that B.(x) C U.
e Aset FC Xis closed if F¢:= X\ F is open.

Note: ¢, X Gre M Gpe e closd

Proposition

@&

Let (X, d) be a metric space.
@ Let Al Ay C X. If Ay and Ay are open, then Ay N Ay is open. —> 0~ bt erfended T

® IfA C X, ie@are open, then U;c A; is open. fuite tvhyoechin

’Q Can he t»vfm'l‘{
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Proof. (1) Let A1, A2 C X. If A1 and Ay are open, then A; N Ay is open.
[t x€hq Ao,
G Ay T opun T ot bax) oA
Coe b 5 P, 200 st B (x) C A,

L{' g—, W™ (Q()E»)- TLW\ Bg(ﬁ) C BE( (7(') CA{
o d 85(7() Cei‘;(?i) CAL . Ths Belw) C At/\/’\%‘

(2) If A; C X, i€ I are open, then Ujc/A; is open.
9

tx ¢ U A ¢ do xe Ac

&1

G Ac 5 opm Tew uf @) A C %gLA‘L//
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Using DeMorgan, we immediately have the following corollary:

Let (X, d) be a metric space.
@ Let A1, Ay C X. If Ay and As are closed, then Ay U Ay is closed.
® IfA; C X, i€l are closed, then NjcjA; is closed.
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Definition (Interior and closure)

Let A C X where (X, d) is a metric space. /»—@\
a A

® The closure of Ais A := {{gx v Yo, BewNA ﬁ%fé} 0.

—_— },
"

; “r
® The interior of Ais A := {f{@A L %0 g4 Becs) C/—\E @ o

® The boundary of Ais 0A :=
éxex: Yo 11 Bel) (AT af fie)n A# S

Let X = (a, b] C R with the ordinary (Euclidean) metric. Then
Yoc(eb] , K= Cyb) , 3X= (b

cheh !
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Proposition

Let A C X where (X, d) is a metric space. Then A=A \ OA.

Proof. wc  shu /A C AA oA A\ A C /Z‘ ?&pww{"'{7,
(Prek oF A cAVIA)
Lof ,“;AD_ By cedhrh~ 0 st Box) ¢ A A oot b
fup[)t:i« YE A i 67 ”{*—’E\t‘hv/ B.(%) N AC 4%%
/(L\;‘j BN Dﬁ"vd'mﬁ"c'!‘hl‘v-, ’ﬂqﬁmO[“'(_ X & A’ \ aA’ -

(Pt oF Alsa CA)
Lt x€ AVIA. S F&34, Uso s¢. Bl AA=# o DelInAS=¢

G e K, BetInAxg, T, Dbkl a AT =FE B CAL
Thendow, ')(C—,i\f
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Proposition

Let (X, d) be a metric space and A C X. @is closed and@is open. bt open o C A

Proof. & rs A (“Vﬁvs'f' fre~ of CA s obvions o dedraitin,
(o dow B o5 clopd , vl G chr By gpen.
M o C _A—C ) -(L\M |'l7 0(,,61‘,”\{-?0\1 Bf E/ 9{70 fL'(“g BZ(K)/]A ;f

We ned & shw  Betx) CAS LA 7 € B,
Thm, (4 T £ dlr).
by wes FE A . :

e ~( C
T BE H Gi(-ﬁ) - A Lwﬁ Bc(ﬂ) C A

In fact, A = U{U: Uis open and U C A} and A= {F: Fis closed and A C F}.
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Fubhamoe A 5 fhe suablest clesed o OA,
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Sequences

Definition (Sequence)
Let (X, d) be a metric space. A sequence is an ordered list of points x,, n € N, in X,

denoted (xn)nen. We say that a sequence (x,)nen converges to a point x € X if

Y550 ’?ﬂz SN st Ao, %) £ V g2 ms
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Recall: A = iy@)( b Y0, Be®) AA dﬂé}

Proposition
Let (X, d) be a metric space, and let A C X. Then A is equal to the set of points in X
which are limits of a sequence in A.

K = {xext P{w3ca nt. Aad

Proof.
frot & C ) B
( (Lt xeB . by dafubin, Y0 Beix) nAx#. 7 F\\
L ek T BremnA=xg A
\ -
Pk Fu € Br&Iah . Tha, €A ol A, %) <,

o oy £50, by Rl R L@ T E Tl faey M2

D{C’ZC\«)W) <‘|‘!’\ —ﬁ'TnLL<€/-
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(Prwd oF D)
b x e e loFof (MZCA.

7
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B o~f yex © ‘(3 A RS

-,Zf Cs A swallyt c{s}'—;/{ DA

A set F C X, where (X, d) is a metric space, is closed if and only if every sequence in F

which converges in X converges to a point in F.
Remark:

Frs cosd & F=TF

£> F=§ vex @ T(xjer s, ﬁrﬂ’g_
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Cluster points of a set
/(,, w A bt o

@ | = clotr ponct

Let (X, d) be a metric space and A C X. A point x € X is a cluster point of A (also
called accumulation point) if for every e > 0, B.(x) contains infinitely many points in A.

Definition

= JW_V £30 BeC¥) H[A\&ﬁ) * ¢
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Proposition
x € Xis a cluster point of A C X where (X, d) is a metric space if and only if there
exists a sequence of points x, € A, n € N, such that x, — x.

A\

7
Proof. ThX
X 5 clugfor [Y/'hfl' & Q’Zﬁa GA ) Ak A

(=) by Aot e By i) A A it ek A -5 U EZ

T"+L ’WL\_—} 7.

thw fn e T el

T R R A TS

(=)
gloes oAOBT) L E

For oy S70 Pag ot NZ0
. s & o Mz M, F € B_a(’tf)ﬂ A
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Combining the previous result with the limit characterization of closure gives the
following:

For A C X, (X, d) a metric space, we have

A= AU{x€ X: xis a cluster point of A}.

Why wt A= {L clustw p”“*’tS "Jc/Af}

@ ¢ a1 Aot b o dhsfer puit
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Cauchy sequences

Definition (Cauchy sequence)

Let (X, d) be a metric space. A sequence denoted (x,)nen € X is called a Cauchy
sequence if

Yo P f, Mm20; =) L%, Am) < E.
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Proposition

Let (X, d) be a metric space, and let (x,)qen be a convergent sequence in X. Then
(Xn)nen is Cauchy.

Proof.u, % = A
Fov ngo/ ;)(VLr/ ¢ 0{f’Z(h,X)< g

Z -

97 '{'W‘W\}/lt rwcpw[l'%/ J"”\/ v m,m 2 Mﬁ/

O{(XM/’?{W) é O(CX\/?Y)"{’ 0(.67{1\4,’2() < _,%’4% =

\
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Definition
A mthere every Cauchy sequence converges (to a point in the space) is

called(complete.

4™

Example: e, R oA el pefre are  completr

Let (X, d) be a metric space, and let Y C X.
(i) If X'is complete and if Y'is closed in X, then Y'is complete.
(ii) If Yis complete, then it is closed in X.
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Proof.

Wt WG s Canoh .
(45 C X el s comphte.
6 Ya— 7 €X.
Gow o5 cogd e it oF  conpargt gepuoe mmust be 17,

X

u\,‘) Q‘x 5( ) Cfﬂ"p?ﬂ%t; {\/‘t\r;/ Cth{y;sj 5«%:4« ™ Y DAVerPg
‘ﬁ) G POII\,'T I\{‘

Tl ebwn\wl‘j G ez T s C[Oy -
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Subsequences

Definition
Let (xn)nen be a sequence in a metric space (X, d). Let (ng)ken be a sequence of
natural numbers with ny < ny < ---. The sequence (x,, )ken is called a subsequence of

(Xn)nen- If (xn,)ken converges to x € X, we call x a subsequential limit.

(1)) nen m=20m )% (>
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Proposition
A sequence (x,)nen in a metric space (X, d) converges to x € X if and only if every

subsequence of (xp)nen also converges to x.

Proof. 0"'—[7 o {)W‘j' s |
( ot P“\/r) E’UPPW- D Aws wof oovwves T %

?c50 5t 7744/7’ 0[(’26.%,?()2_6_ [:‘7
7

3 a.jgu/p%h Tna. — K.
s ok foz hs = AFm  x)<E

{LW“(_ e fs
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Proof continued
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