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Propositional logic

Propositions are statements that could be true or false. They have a corresponding

truth_value. 1t F

ex. "nis odd” and “n is divisible by 2" are propositions . Let's call them P and Q.
Whether they are true or not depends on what n is. . N
y P (=) @A)

We can negate statements: =P is the statement “n is not odd”
AN~ ANe~—T A —

We can combine statements:

[N 7
® P A Q@ is the statement: P owd A = A5 sdd cwd o tyishle by 2
® PV Q is the statement: f ov Q=" s odd o divsthle 67 27

We always assume the inclusive or unless specifically stated otherwise.
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e If it's not raining, | won't bring my

umbrella. (- P)——? C?Q)

® |I'm a banana or Toronto is in Canada.
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Truth values

If it is snowing, then it is cold out.
It is snowing. — [
Therefore, it is cold out. — (a.-

Write this using propositional logic:

P= Q

How do we know if this statement is true or not?
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Truth table

P = Q
If it is snowing, then it is cold out. PlR|IP = @
T| T T
When is this true or false? T F
FIT T
F| F T
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Logical equivalence Fume

/u}fcm '7 tqlkiw‘l«v’f"’

P = Q -PVQ
PIRIP=Q PIQ]-P|-PVQ
T[T T T|T]r T
T[F F T|F|F e
FIT T FIT] T T
FIF T FIF] T T

%

What is =(P = Q)?

=7 (7Pve) = PAanQ
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Quantifiers

For all

“for all" (also read “for any”),@ is also called the universal quantifier.

If P(x) is some property that applies to x from some domain, then VxP(x) means that
the property P holds for every x in the domain.

“Every real number has a non-negative square.” We write this as
2
vk, %20

How do we prove a for all statement?
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Quantifiers

There exists

“there exists”, is also called the existential quantifier.

If P(x) is some property that applies to x from some domain, then 3xP(x) means that
the property P holds for some x in the domain.

4 has a square root in the reals. We write this as

1
ax, »w=4
How do we prove a there exists statement?

Y oou j\,\sf ned T /)V’U’I/I‘O(t One *e?"“‘ﬁtt

There is also a special way of writing when there exists a unique element: 3! .
For example, we write the statement “there exists a unique positive integer square root

of 64" as 21, = Ca N X>0
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Combining quantifiers

Often we will need to prove statements where we combine quantifiers.

Here are some examples:

f Statement

Logical expression

(T Every non-zero rational number has a

multiplicative inverse O 9
v . . .. .
(' Each integer has a unique additive in-

verse Gal

f : R — R is continuous at xg € R

Yeso, 2800 <t
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Quantifier order & negation

The order of quantifiers is important! Changing the order changes the meaning.
Consider the following example. Which are true? Which are false?

VxeRVyeRx+y=2
VxeRIy eRx+y=2
IxeRVyeRx+y=2
IxeRIdyeRx+y=2

[ [C“, 0.7 )(_/ CL\OQ(( 9—,2"'\(

AT A

t '-} .-,v-] e

d /D ¥

—VxP(x) = 3x(—P(x))
—3xP(x) = Vx(=P(x))

Negating quantifiers:
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The negations of the statements above are:
(Note that we use De Morgan's laws, which are in your exercises:
“(PAQ)=-PV-Qand =(PVQ)=-PA-Q.)

Logical expression Negation

%be@\{O},@lsEQSUChthatq5:1 ’QCFB@\XO{/ Vgé@ si, ¢<% {

| v
xeZ@yeZsuchthatx+y=0 Jyecz rf,
L]/ “_cyfﬁ-” @“ (Avu'ikr,'/ »
E J/ay ( yé/} ) Z—(?’PO) v (3 9"/ ';)_ é/&/
Ve > 0 30 > 0 such that whenever |x — 9,7,
xo| < 6, |[f(x)— f(xo)| < e !
ol < 5. 1£(x) — (o) w5 o 113,-0)

What do these mean in English? =/ £v0, 750 , x
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Types of proof

Direct

Contradiction

Contrapositive

Induction
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Direct Proof

Approach: Use the definition and known results.

Example

The product of an even number with another integer is even. I

Approach: use the definition of even.
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Direct Proof

The product of an even number with another integer is even. I

Definition
We say that an integer n is even if there exists another integer j such that n = 2j.
We say that an integer n is odd if there exists another integer j such that n = 2j + 1.

Proof. L*_.( m, o ek ccd g Ssumg M (T euenw

~

T 20 e b =2,
’[]MV‘ M = wl- fl[) - 2\(0-\/’)) T VI |-,7 dapo,
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Definition

Let a, b € Z. We say that “a divides b", written a|b, if the remainder is zero when b is
divided by a, i.e. 3j € Z such that b = aj.

Let a, b, c € Z with a # 0. Prove that if a|b and b|c, then a|c. I

2 ~ ~ 2
Froof. gy dekrben P st b= oy T hex abicabi

\

%

T]«f-w/ C- [9/@.2 (Q)ﬂ)/z‘“ O\()\L),
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If an integer squared is even, then the integer is itself even. l

How would you approach this proof?

R

S = 27 Yz X JaaL
va\/ 1 Vﬂ-lp\vvr 1/— 0»/(

4LLV‘4./ /7( Y Pvin .')
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Proof by contrapositive

( 07_[ cally eiu,‘va’«,‘{
P—q &£ ) = -Q = P

M| M- | o

k4
3 Statistical Sciences
& UNIVERSITY OF TORONTO

July 7, 2025 18 /25



Proof by contrapositive

If an integer squared is even, then the integer is itself even. |
= e

Proof. V/r_) ] prr/\rv_ H\FS h7 CUM+ ro- PORJ'I‘V‘( .

W TS TfF X odd , fhew AT i ool

QA = 7P

1) e st A= 25 ¢ ]
TL’LV\ q(L: ().;’4\)2: LE)'L/( 4) (
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Proof by contradiction

Taded of P20, o PATG ol &d

Cec HfJ'rf«z/lfc‘l'{‘qu_

The sum of a rational number and an irrational number is irrational. I

Proof. | + xe@ , 7> ER\@,
<Ln/7f°f( Xty =5 c @ ’

(= 9z S gtz bl wheh 5ty
a (
) ®
frtis s T T st e IHM('/'
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Summary

In sum, to prove P — Q:

Direct proof: assume P, prove Q
Proof by contrapositive: assume —Q, prove =P
Proof by contradiction: assume P A =@ and derive something that is impossible
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Induction

Well-ordering principle for N
Every nonempty set of natural numbers has a least element.

Principle of mathematical induction
Let ny be a non-negative integer. Suppose P is a property such that

@ (base case) P(np) is true
@® (induction step) For every integer k > ng, if P(k) is true, then P(k 4 1) is true.

Then P(n) is true for every integer n > ng

Note: Principle of strong mathematical induction: For every integer k > ng, if P(n) is
true for every n = ng, ..., k, then P(k 4 1) is true.
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nl >2"ifn>4 (neN). l

Proof.
(_ B“ =< Confe )

Lé w4, /VLf:LAf»
2" b

( Tuheckion st CF)

Swppeic At ZA‘, /_J/
- A 4 At
Thon  (Lt)'= Ut) ¥ L0 > (At)¥ 272 2y2 =2

@UNIVERSITY OF TORONTO
July 7, 2025 23/25



Every integer n > 2 can be written as the product of primes. I

Proof. We prove this by strong induction on n.

Base case:

1F Mm=2 ) 2 Ts o« r)"f'vl'?-/ g0 fle ((’m{{mf ) 7LI/|\vI\&,({7

Inductive hypothesis:
S‘L\{')Po;z 'Fc,y -/(Z 2 2/ O-L\_/ N G El/ /{z\] Cam L't
Inductive step: i t=n <5 J'L-c P v odatf cqc P vives

de

l) T J’ A-’fl 5« PH‘Mf/ (H’\AV\ e §7"=~?wa«/+ re f?,'vu“a//7 +V\{,
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