Exercises for Module 10: Differentiation and Integration
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1. Show that
{O ifx<0

is smooth.

Q\tarkvb \0 [ SW\WW\ DL+ oM NED . T\(\Uv%,b\)b OV\\ needo % Look ok

’Hu bednowut ous Oé € ot 0. S JQGL\()L\ ®) \JXEL’ 1 ngkza we need.
\n/\ LMY <29 \m € Uﬁ
\)/O g\/\-&)\) JA/\Q/*' f—T—"/V\— >—\ \,:\0 =0 VLOO
This 15 e e k=0 since \m, S _‘;'I‘OL;\,} = &9 = i e'h=0
Frst we o e Bllowing using indudion . £9 (0= o, (VX whane Py s @

po A ot denree A y
— \/ T A" ‘
%OL%Q/ (AL . 'P\LK\ - J?a e ¥ = b& L) € oS M)\uLMPL_

Trdughve Wy pefbesisr PU0) = pan (5) £ Cc some M2\
Then £ UM\;M%B = é%m b‘% y e—,%‘ * —\)@P‘&m (1\{‘) a—\/?‘

L =t « =4 =t —v
= Pa'“‘\f\, LY“- >'6 H+ Pant;, L{\B /)C = aLmel)(Jx \ e F

Thag £ () = Par () e Wdk=\ ) )
\\T\M\a sing,  limy “oﬁv%\—“\,‘“" P (K £ = Jom "7 £ o %“L:_) = =0 b ro?mk»kqw licakions E&\Hopu\n(‘

2. Let f € R([a,b]) and suppose |f| < M for some M > 0. Show that \f f(z)dz| < M(b a).
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3. Prove the Higher-Order Leibniz product rule, i.e. for f,g € C"([a,b]) we have

(190 =3 ()79 ).

k=0

You can use properties of the binomial coefficient.
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4. (Challenge Problem) Consider the space of continuous functions on the unit interval, C([0,1]). Prove
that there exists a unique f € C([0,1]) such that for all = € [0, 1]

flx) = x—i—/ox sf(s)ds.

Hint: You can use that C([0, 1]) is a complete metric space with respect to the supremums metric do (f, g) =
sup,co1 |f(x) — g(x)] for f,g € C([0,1]).
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