
Exercises for Module 10: Di↵erentiation and Integration

1. Show that

f(x) =

(
e�

1
x if x > 0

0 if x  0

is smooth.

2. Let f 2 R([a, b]) and suppose |f |  M for some M > 0. Show that |
R b
a f(x)dx|  M(b� a).
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Clearly f is smooth at all ✗ 1=0 .

Thus
,
we only need to look at

the behaviour of f at 0 . Since f- "" 1×1--0 V- ✗ EL-00,0]
,
HK ≥0

,

we need

to show that ETO " "
= ¥: ¥Y=0 Kk≥o

.

This is true for 1<=0 since k%e = "n% ± iii. = Limo e-"" = 0 .

First we prove the following using induction : f- "" (x) = paitx
- 1) ×
"" where Pak is a

polynomial of degree 2k .

Base case : f
'

Cx) = ta e-
"✗
= ④

' 12 e-
"×

as required
Inductive hypothesis : f

'"
Cx) = pam (x

- J e-
"✗ for some m ≥ 1

.

Then flm") (x) = (Pam lx-D)
'

e-
"× + ¥ pam (E) e-

"
✗

= pamti (x
- 1) e-

"✗
+ Pam + a

(E) e-
"✗
= palm + ii.(×

") É "?

Thus flk) (x) = Pakhi 't e-
"× f k ≥ 1 .

Finally ,
since limo 'ʰ! 1in:O Paunch

") e-"h = Limo ± %f = - - - ^

= 0 by repeated applications of 1448pith 'srule
.

Proof
. By definition , - lflxd / ≤ f-↳JE / fcxd / txt [a.b)

,

b

By monotonicity , - fifcxldx ≤ fflxldx ≤ fifa) / dxa
a

a

⇒ I fabflx) dx / ≤ fblfcx) / dx V- ✗ c-Carb] b def of
a J abs valve

≤ fab Mdx by monotonicity
= Mlb - a) by integral

of
a constant

Note that in this proof we have shown that for fc-RLG.by
,I fabfcx ) dx / ≤ fablflx) / DX . ④



3. Prove the Higher-Order Leibniz product rule, i.e. for f, g 2 Cr([a, b]) we have

(fg)(r)(x) =
rX

k=0

✓
r

k

◆
f (k)(x)g(r�k)(x).

You can use properties of the binomial coe�cient.
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We prove this by induction on r .
Boisecase r =\

Cf g)
"'
(x ) = f- g)

'

(x) = fllx) gcx) + fcxlg
' lx ) by regular productrule

= ,&⇒( he)fc" (x) go - "

(x)

Inductive

hypothesis : suppose for
nsomen ≥ ' ,

C-g)
'%) = ,(E) f-

""

G) ga
-

%)
.

We show the statement holds for n -11 :

C- g)
""'

(x) =ᵈd×(Hg)%x) = §# If g
""

by inductive hypothesis
= £ (1)④ ""/ 'G) g

"-"
a) + finally

"-"Yad] byproduct
1<=0

rule

= £ n

⇔
4) f-⇐ " 'G) g

"-%) + { (E)f-""G) g
"- ""4×1

K=0

E-- ku = (Ei )f"%)g"
- ""
a) +

,

IfManga
- " +"G)

= (1) f-""'G) glx) + [41,7+121]-1%1 gY
_""'
CH

+ (7) fling
" " 'G)

Note that 1-1-74)

¥, , ;;÷µ
.

= f"ÉÉ + ÉCE '

)f "
"

aiga
" -"
a.)

k=
= n+n!+D + fcx)g(

"" (x)
K ! (n - k + 1) ! n+ ,
-→

0ᵗʰ term

= n!Cn
ki

.

cnn.int = { [ ¥ ) f ""G) g
"" -%) as required .

= @¥1 ) k=0



4. (Challenge Problem) Consider the space of continuous functions on the unit interval, C([0, 1]). Prove
that there exists a unique f 2 C([0, 1]) such that for all x 2 [0, 1]

f(x) = x+

Z x

0
sf(s)ds.

Hint: You can use that C([0, 1]) is a complete metric space with respect to the supremums metric d1(f, g) =
supx2[0,1] |f(x)� g(x)| for f, g 2 C([0, 1]).
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We use the Fsanaoh fixed point -theorem .

We need to show that

the map G : Cfo . D) → Cleo . D) defined byX

G (f) (x ) = f- (x) + f. sfcs) ds is a contraction
.

Note that G is a continuous function on [0.17
.

Using the
sup norm ,

we need to show that d◦◦(GCf .)
,
Glfa)) ≤ k doo(f.

,
c- a)

for some K< 1
.

Let f.
,
fat Cdo ,D) .

Then

doo(Gcf ,) ,G = sup /Gcf
,) (x) - G (fa) (x) /

✗ c- Co
, ☐

= Sup
✗ c- [◦ ,☐

1*+1%-9↳Ids - X - f.
"

sfacsjds /

sup
=

✗ c- [o
, if / f.

"

s (f.Csl - fats) ds /
≤ sup

✗ + [on] f.
✗

It
,
G) - fats)) / ds by④ from exercise2

= Sup
✗ c- [oil] [% / f. ( s) - facs) / ds

≤ sup
✗ c- [on] [ s doofl , fa) ds since / f.Cs) - fats) / ≤ sup If

,
Is) -f-

St [on]

sup
=

✗ c- [on] doolfi if a) [
✗

Sds
by linearity

of integral
= sup

✗ c- Co ,D
doo Cfi

, f.)#
2

= 1-2 doo (fifa) .
: G is a contraction

since G :CCais) → (( conf is a contraction and Cleo .D) is a complete
metric space , such a unique f must exist by the Banach fixed pt Theorem .


