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Definition (Open and closed sets)
Let (X, d) be a metric space.

o Aset UC X is open if for every x € U there exists € > 0 such tha@ U.
® Aset F C X is closed if F€:= X\ F is open.

r

Note: B&C%) = Ty EX ! A(’f/i) £ 6%

Proposition

Let (X, d) be a metric space.
@ Let A1, A> C X. If Ay and A, are open, then A1 N Ay is open.—)
®IFA CX, i E@are open, then U;c,A; is open.

7.ew<ro](l—uf Tc
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Proof. (1) Let A1, A> C X. If A; and A; are open, then A; N Ay is open.

L,L'(' ~ & A//] AL.
2
e P A B e open . ELE0 5 Be@) CA, BeC A,

(4 ¢+~ wn{g, 63 Tlew, o) ¢ b1 Biz (¥).C A,/lAzz

(2) If A; € X, i €] are open, then U;c/A; is open.

Lt «¢€¢ UbBe Zre1 . xeAg,
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Using DeMorgan, we immediately have the following corollary:

Let (X, d) be a metric space.
@ Let A;,Ay C X. If Ay and A; are closed, then Ay U A; is closed. — ;(‘\w“ff Un b,
@® IfA; C X, i€l are closed, then N;ic/A; is closed. 5 elic
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Definition (Interior and closure)
Let A C X where (X, d) is a metric space.
® The closure of Ais A := { cex : Y. Ber) AA 43475}

e The interior of Ais A = gq(e X ¢ 2 y0 1. Bgfﬂ) CA 5

® The boundary of A is 0A := {F\(C—Y v Yer0 bl Bex)Inp ks
ad  BeCd) AAC¥¢§_

V

Let X = (a, b] C R with the ordinary (Euclidean) metric. Then

X 8) K lan] | dx=fet]  chab
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Proposition 7.
Let A C X where (X, d) is a metric space. Then /?AA \ OA.
Proof.
“C/” p wt Corbradpret
Lot 7@/3 D T 780 st B A
c
i"(’ﬂ"k reoA o Thy hy dednifen oF A, Bex1N A % '
Ths 75 o~ condradectivg . K A C A\&A _
) 4 PW'JI . : B A o
[+t X € A\eA. 67 A«FMJ«\\/&A/ ¢ Sf, be =¢ oviid 12
. (o €A, we cunnd lea Bsexl AA=¢ . BeW@NAT= €
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Proposition

Let (X, d) be a metric space and A C X. A is closed and Ais open.

Proof Wl pree e 1”“"0'4}4;/ W%H- b—o{bu.

J

In fact, A = U{U: Uis open and U C A} and A= {F: F is closed and A C F}.

gs A Seene ‘fl\.:. (l«rflq,i' op-Lh (_»J]L ta A’ . M»-L Sﬁnquqf C["f'h/( TI"—( CoL/}m'k /)
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Sequences

Definition (Sequence)

Let (X, d) be a metric space. A sequence is an ordered list of points x,, n € N, in X,
denoted (xn)nen. We say that a sequence (xp)nen converges to a point x € X if
Y

$30, P, ey st A, x) <g Tz

ANe————
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Recall: A= [‘XGX . H£70/ B, (21 N\ “Qféf

Proposition

Let (X, d) be a metric space, and let A C X. Then A is equal to the set of points in X
which are limits of a sequence in A.
—_— —————

Proof. A= {vex : T{xlch st 7@—9(26§’

W

c_” Pw/‘_.
L1 ~c Z_ . 97 Aofardion , Ve >0, GZ(N/I /\“??'

Lt € - Tew  Bi() NAXZ,
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®
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A set F C X, where (X, d) is a metric space, is closed if and only if every sequence in
F which converges in X converges Yo a point in F.

Remark: F es  closed (@;——9 F=TE
(=D F={vex 3k A
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Cluster points of a set

Definition
Let (X, d) be a metric space and A C X. A point x € X is a cluster point of A (also
called accumulation point) if for every € > 0, B(x) contains infinitely many points in

AN (¥

K s =« bty {’)w‘} O_f A
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Proposition
x € X is a cluster point of A C X where (X, d) is a metric space if and only if there
exists a sequence of points x, € A;k n € N, such that x, — x.

Proof. ANRS!

U’_—/>h (?o:f
Lk % be a chsfor por],

Y, A G T Bat g (AN(PF] =#
L‘\ApLS W e ()'\C:{/L Q("\ & BE,,L('Y) QEA\['f?j
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Combining the previous result with the limit characterization of closure gives the
following;:

For AC X, (X, d) a metric space, we have

A= AU{x € X : xis a cluster point of A}.

Ebih_ A'w7 \'T’(‘vh‘A P”‘VT Gjr A’ CQmu-'(.L b-c
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Cauchy sequences

Definition (Cauchy sequence)

Let (X, d) be a metric space. A sequence denoted (xp)neny € X is called a Cauchy
sequence if

Voso, Py at. MM I0 Nl

Co, VY gtas ef An s lnu{' g et Fen ﬂLzu/{ )
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Proposition

Let (X, d) be a metric space, and let (x,)nen be a convergent sequence in X. Then
(Xn)nen is Cauchy.

Proof. [ _t A = e Lt o4 i?&?l

Vigso, P 4 M3 NG sybes dvik,x) <€

v m, ’W\-_:’mi y (77 (l\c ')Lrl“ﬁ-/éz I\H<4w£(97/

d‘.(?ﬂ. (’YK,) é a’{('l‘k,?c) 1 ﬂ{_(.'fc/ '2‘«!«)( €<£:2£‘//'_
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Definition

A metric space where every Cauchy sequence converges (to a point in the space) is
called complete.

onclcdiom wefic  Gve o wy/oﬁe .

4
Example: 2, [~ wikl,  wsuel
@ , s not C‘wpln €.
Let (X, d) be a metric space, and let Y C X.

(i) If X is complete and if Y is closed in X, then Y is complete.
(i) If Y is complete, then it is closed in X.
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Subsequences

Definition
Let (xn)nen be a sequence in a metric space (X, d). Let (nk)ken be a sequence of
natural numbers with n; < ny < ---. The sequence (xp, )ken is called a subsequence

of (Xn)nen- If (xn,)ken converges to x € X, we call x a subsequential limit.

((Woen =) M= 20m sk { (]
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Proposition
A sequence (xp)nen in @ metric space (X, d) converges to x € X if and only if every
subsequence of (xp)nen also converges to x.

Proof. :;3 s ’lLT’ e

é—"‘ §“PPUft Ya 0("‘5 i conveg< 2 x.

= Co J’vnofh'/}w‘pg
Tose My d e, ®) 2 E )
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Proof continued

4
3 Statistical Sciences
@ UNIVERSITY OF TORONTO

July 14, 2025 21/22



References

Charles C. Pugh (2015). Real Mathematical Analysis. Undergraduate Texts in
Mathematics. https://link-springer-
com.myaccess.library.utoronto.ca/book/10.1007 /978-3-319-17771-7

Runde ,Volker (2005). A Taste of Topology. Universitext. url:
https://link.springer.com /book/10.1007 /0-387-28387-0

Zwiernik, Piotr (2022). Lecture notes in Mathematics for Economics and Statistics.
url: http://84.89.132.1/ piotr/docs/RealAnalysisNotes.pdf

k4
3 Statistical Sciences
& UNIVERSITY OF TORONTO

July 14, 2025 22/22



