
Exercises for Module 6: Metric Spaces IV

1. Let X be a set and define d : X ⇥X ! [0,1) by

d(x, y) =

(
0, x = y,

1, x 6= y.

Show that S ✓ X is compact if and only if S is finite.

2. Let (X, d) be a metric space andK ⇢ X compact. Show that for all ✏ > 0 there exists {x1, x2, . . . , xn} ✓ K
such that for all y 2 K we have d(y, xi) < ✏ for some i = 1, . . . , n.
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We showed in class that I finite =1S is compact
for

any
metric space CX, d).

We show S compact -> S finite withthe discrete
metric.

Assume S is compact.Then-any open
cover for 5 has a finite

subcover. LetGEC0.1). Then 3Ba(x)3xes is an open cover for S
and IntIN s.t S = E,Bg(ii). Recall that Be(x) =Ex3
foroce). Thus SE, Ex => Sex.,....

.S is finite

Let350 and yek, K2X compact. Since K is compact
and 3Bg(x)3ycK is an open cover

for K, In-IN

S.t. KEBe(xi) =yeax)
=>7itEl,, st. yeBs(x)
=>Fied,--,s.t.d(xy



3. Define the sequence (an)n2N by a1 = 2 and

ak+1 =
ak + 5

3
, k � 1.

Determine if the limit limn!1 an exists and, if so, calculate it.
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Sam:A =9k+ OK21

Proof by induction.
Base case:age, at

=5(2=9,

Suppose theclaim holds for some ne! Then

Ant1 I an =An+1+5
[an+5

=an+1+5 an +5
-I -
3 3

-> antz= an+-

... The claim holds

by
induction.

dam:as XKI

Binduction. Base case:a,125/2.

IH:Assume anE for some n=1.

Then anti-a5Et5==E
3

.

The claim holds by
induction.

Therefore. GRIeIN isa bounded, monotone

sequence. By themonotone convergence
theorem,

100k must exist.
lim >

We calculate:1100 9k+1
=0

ax+ 5

3

5
=>i9Kt =9K+5

=>lim 5

k+609K+1
=

I.



4. Let (xn)n2N, (yn)n2N be bounded sequences in R. Show that

lim sup
n!1

(xn + yn)  lim sup
n!1

xn + lim sup
n!1

yn

and give an example where the inequality is strict.

5. Let (xn)n2N be a sequence in R. Show that limn!1 xn = 0 if and only if lim supn!1 |xn| = 0.
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Sam:PLXty) = kx +Sy
Let Xn=SPY,Gr

=

RY. Then InX
FkIn

and --
yi

VKmn. Therefore Intink Natyk
AKE

you
=Xxty is an upper bound for Exktyn : k=n3

=>SLXKtyx) Xnt5n =supX +

SYEnYKIN

since
the supremum

is theleastupper bound

Then limsup (Xntyn?
=kt yi)=EY

+

Y
n-08

=him sup Xn+limsyn-

Examplewhere is strict:Xn=t11 yn
=(- yn

+

L inE IN- L

limse 4n+yn) =0 <G =limsup Xx+lima YKn -00

s


