Exercises for Module 6: Metric Spaces IV

1. Let X be a set and define d: X x X — [0,00) by

0, z=y,
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Show that S C X is compact if and only if S is finite.
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2. Let (X, d) be a metric space and K C X compact. Show that for all e > 0 there exists {1, 22,...,2,} C K
such that for all y € K we have d(y,z;) < € for some : =1,..., n.
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3. Define the sequence (ay)nen by a1 = 2 and
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Determine if the limit lim,, o, a, exists and, if so, calculate it.
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4. Let (n)nen, (Yn)nen be bounded sequences in R. Show that

lim sup(z,, + y») < limsup z,, + limsup y,,
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and give an example where the inequality is strict.

Cla'\m-. SQ-PKIX\C“]K\ < %\;Q Yo * %ug Va\é

ek g =g T o e Ve
N\Y

ound. Un = Ud\«p g > \01\4—30

£®Y& X,(\‘\‘\k\
=V X v s on Upper ouwd, (5,’&* ' \@“(\YS

= QQ\AVA\L\ < xy\evd = SULQ Xy J“S\“Z@N‘@K N
s e supremumn 18 Hhe leotT Lppec loou
< \\W\ S'}‘PY‘\L X Q\LP

Than izzig G - -t suploc s e by SR TR Y

— R0 suf R Y Lwnsp Zf\

WO N
Fxam bee £ 1o st n=™ L_ Y\ N (:\\M\ \f\tLN
\\N\SLUP %—\,V\)n =0 < A= \\V\/\& L = e $ég ka(\

5. Let (zn)nen be a sequence in R. Show that lim,,_, 2, = 0 if and only if limsup,,_, o |xn| =0.
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