
Exercises for Module 7: Linear Algebra I

1. Suppose that ↵ 2 F,v 2 V , and ↵v = 0. Prove that a = 0 or v = 0.

2. Prove the following: Let V be a vector space and let U1, U2 ✓ V be subspaces. Then U1 \ U2 is also a
subspace of V .
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3. Let U1 and U2 be subspaces of a vector space V . Prove that U1 [ U2 is a subspace of V if and only if
U1 ✓ U2 or U2 ✓ U1.

4. Suppose v1, ...,vm is linearly independent in V and w 2 V . Prove that if v1 +w, ...,vm +w is linearly
dependent, then w 2 span(v1, ...,vm).
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⑦We prove
the contrapositive. Suppose U.GUI and UgU.. Then we can choose hell, s.t.
S.t. Ui*Ue anduseUp s.t. UfGU.

C:U.tUnEU,and nithneUe
Proof of claim. Suppose u.tuckU. Then U+Up-4,EU, since U, is a vector space.
This implies isall. Contradiction. The proof that withat he is similar.

Since u,thafu, and niture Un
this shows thatU,UUL is not a 'sultationandwe I

&Suppose U,cUs. Then U,UUa=Ya,which is a subspace.
Similarly,Mac, UUUa=4, which is a subspace.



5. Suppose that v1, ...,vm is linearly independent in V and w 2 V . Show that v1, ...,vm,w is linearly
independent if and only if

w /2 span{v1, ...,vm}

6. Let T 2 L(P(R),P(R)) be the map T (p(x)) = x2p(x) (multiplication by x2).

(i) Show that T is linear.

(ii) Find the null space and range of T .
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7. Let U and V be finite-dimensional vector spaces and S 2 L(V,W ) and T 2 L(U, V ). Show that

dimnullST  dimnullS + dimnullT
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