Exercises for Module 7: Linear Algebra I

1. Suppose that a € F,v € V, and av = 0. Prove that a =0 or v = 0.
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2. Prove the following: Let V be a vector space and let Uy, Us C V be subspaces. Then Uy N U, is also a
subspace of V.
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3. Let U; and Uy be subspaces of a vector space V. Prove that U; U Us is a subspace of V if and only if
U1 g U2 or U2 g Ul.
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4. Suppose Vi, ..., V,, is linearly independent in V' and w € V. Prove that if vi +w, ..., v, + w is linearly
dependent, then w € span(vy, ..., vy,).

P(oe‘( SLA_()PO%Q, Vivw | - )\lm\'v\l ove \'\V\Qc\v\a &Q,?eu\dlm“\*

o~

“Then Q0( di\.e’n:mC;\u"'nm>
D= goh@; -\-\/\JB oo at \east ore Ol-fto

™ (\)N
=N O = 8:\0““&* U\JE o
(4N =
= W = ‘:—‘ol{,\/\,
ol
V=
"\
— '
S W = Z7 V\b Uy
\\:\ z‘olo

= W & Span %\s\\__.,\ijg



5. Suppose that vi,...,v,, is linearly independent in V and w € V. Show that vi,...,v,,,w is linearly
independent if and only if
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6. Let T € L(P(R),P(R)) be the map T(p(x)) = x?p(x) (multiplication by x?).
(i) Show that T is linear.

(ii) Find the null space and range of T'.
(,1\ Le;\r A, (56?\:\ P, %% [P(,\?)

T(dptas fod) = o (wpl xRala)
= oL X ple) ¢ (’;')cl‘ (x)
:dTPu\+@TaLLi\§

() Nl spaco
We neade ‘\:)c\. ratntolle ?(x\ saM Mo e\ = O LQ'M:V‘R-\ .

This mples” pGA=D Ge® | so nul T = $O& .

Ko

We nead- Yo Qads all Po (\om?oﬂ,s P <t. 2 ?b\a‘\bmh@ o\_ worta
PCX\ =To\lbx\ = @Lx) = 'x,&o(‘bc)

(‘cm?z_—Y = %,0750 % P()(\; NSO &uﬁm ot A% ot \QN*Q‘?.
3



7. Let U and V be finite-dimensional vector spaces and S € L(V,W) and T € L(U,V). Show that

dimnull ST < dimnull S + dimnull T
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