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Last time

® Eigenvalues and eigenvectors
® Algebraic and geometric multiplicity of eigenvalues

® Matrix diagonalization
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Outline

® Matrix decompositions
® Jordan canonical form
® Singular value decomposition
° QR
® Differentiation on R
® Mean value theorem
I'Hopital’s rule
® Smoothness classes
® |ntegration on R
® Riemann sums and Riemann integral
Integration rules

® Drawbacks of Riemann integration
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Recall

Definition
Given an operator A: V— Vand XA € I, A is called an éigenvalueXof A if there exists a
non-zero vector v € V'\ {0} such that

AvV#0, 61 Ve AQ,/CAO\?

Av = Jv. <&
We call such v an(eigenvectorof A with eigenvalue \. We call the set of all Idw’") Wotr
eigenvalues of A spectrum of A and denote it by o(A). ”‘rﬁ?lmw
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Recall
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The multiplicity of the root A in the characteristic polynomial is called the
algebraic multiplicity of the eigenvalue A

The dimension of the eigenspace null(A — \/) is called the geometric multiplicity
of the eigenvalue \.
Qg ware
An n x n7matrix A is diagonalizable if there exists an invertible matrix
S € M,(C) such that A= SDS~!, where D is a diagonal matrix with the

eigenvalues of A in the diagonal.

If A€ M,(C) has n distinct eigenvalues, then A is diagonalizable.

A is diagonalizable if and only if for each eigenvalue X, the geometric multiplicity
of A and the algebraic multiplicity of A are the same.
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If A€ M,(C) has n distinct eigenvalues, then A is diagonalizable.
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Block matrices

Definition

is @ matrix that can be broken into sections called blocks, which are
smaller matrices.
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Definition

A matrix is called block diagonal if it can be written as a block matrix where the
main-diagonal blocks are all square matrices and the off-diagonal blocks are all zero.

The matrix i i
2 1,00 ))7
0 2/0 0| — A
0 0|1 0 c
0 0l2 1] Y
is block diagonal. Dot (3 ool C awe Zow
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For cipmmanry  Ay=)v &7 (A1) v =0

A vector v is called a generalized eigenvector of A corresponding to an eigenvalue A\ if

there exists k > 1 such that
(/m\re,fw, (A= X)v=0. & 7 &hnuf (AWQ,

A a Ve o g

v

The set of generalized eigenvectors of an eigenvalue A (plus 0) is called the generalized
eigenspace of Ay (A-A1) C farCA-nn) € karcAsf ¢ 52
( becmse  (A-31)° 0 =0 )

The algebraic multiplicity of an eigenvalue A is the same as the dimension of the
corresponding generalized eigenspace.
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Theorem (Jordan decomposition theorem)

For any operator A there exists a basis such that A is block diagonal with blocks that
have eigenvalues on the diagonal and 1s on the upper off-diagonal. In other words, A
can be written in the form

(s 0 ... 0
0 L ... 0
A=1. . . .
0 0 ... J
where the blocks J; on the main diagonal are @of the form

0 Ao
A1 A
[)\} : [0 )\] , 10 A , etc. [ g Al

Lo |0 2\
lo o s

This form is called Jordan canonical form. limans Jow (,f_’ To volay, [4/,,&{1
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= Mfdﬂm(‘ wu/ﬁp[{o/y,
Connection to algebraic and geometric multiplicity:

® The algebraic multiplicity of an eigenvalue A is the number of times \ appears on
the diagonal.

® The geometric multiplicity of A is the number of Jordan blocks associated with A.

Why is Jordan form useful? NE v oo
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Singular value decomposition

A oiT:Iml OT=0"

Let A€ M,(R) be a symmetric matrix. Then, there exists an Wix
O € M,(R) such that A= ODO', where D is a diagonal matrix with the eigenvalues
of A in the diagonal. Furthermore, ‘L// eigenvalues of A are real.

et

A\

Anem g AAT ATA & ART ore oliz»/om/izone W/l WW/%/ mot vix
Note: ATA is symmetric
N ._Fa-f DW\\I Av\ym

Let A be an m x n matrix. Let \i,...,\, be the eigenvalues of ATA. Then the

@@f A are defined as AA L ApT is the

pusivtie  Sawi —Ale]‘liﬂ'z
01 =VAM,...,0n0 =\ Apn. i

o o

N\ A —

N\ N
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Theorem (Singular value decomposition)

If A is an m x n matrix of rank k, then we can write

— uoT=1 VVT:’I
Gn mx be Sf1W A — @Z@T 700 ave H*hﬂfon}/

where > is an m X n matrix of the form

/70{-,4/0m1 GATIX -
[ Dy k 0/<><(n—k) ]
O Uimm el

D is a diagonal matrix with the singular values of A, o1, ...,0k, on the diagonal and U
and V are both orthogonal matrices (of size m x m and n X n, respectively).

y

[or T = o pn) |, VSV, va)

- R -
s A= Tey'z 2w &
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Uses of SVD:
— M(ffu ‘" ywn\( ctodist ol n.f;lp/('cﬂ#hn
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Differences between JCF and SVD:
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[ U-decomposition

The LU-decomposition of matrix A is the factorization of A into a lower
triangular matrix L and an upper triangular matrix U as follows:

A=LU. )
Why is this useful? Consider the linear system Ax = b
=2
L UJx=b .
= 2 eaty wossle SRR

‘J Fimt ol L}Lb Lis ﬁ?mf”/ar

Neft  Soln U*'-(7 S ey ¥ Solve.
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Recall: orthonormal basis

@ | Statistical Sciences

Two vectors x,y € V are called orthogonal if (x,y) =0, denoted x | y. We call them
orthonormal if additionally the vectors are normalized, i.e. ||x|| = ||y|| = 1. A basis
X1, ...,X, of Vs called orthonormal basis (ONB), if the vectors are pairwise

orthogonal and normalized.

Starting from a set of linearly independent vectors, we can construct another set of
vectors which are orthonormal and span the same space using the Gram-Schmidt

Algorithm. /‘/_
=
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R-decomposition

@ | Statistical Sciences

Definition ( QR-decomposition)

The QR-decomposition of an m x n matrix A with linearly independent column vectors

is the factorization of A as follows:
f dpen dok) oW gesioms.

A= QR

where @ is an m X n matrix with W&gl column vectors and Ris an n X n
invertible upper triangular matrix. ~
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One obtains the factorization by applying the Gram-Schmidt algorithm to the columns
of A. Let uy,...,u, be the column vectors of A. Let q1,...,q, be the orthonormal
vectors obtained by applying Gram Schmidt. Then one can write:

up = (ur,q1)qr + (U2, q2)d2 + ... + (Up, qn)dn
uz = (U2,q2)q2 + ... + (Uy, qn)d,

Up ::<un7Qn>qn

Thus the orthonormal vectors obtained using Gram-Schmidt form the columns of @,
while R is the terms needed to go between the columns of A and thsoe of @, i.e.

(u,q1) (u2,q2) ... (U, Qn)
R_ 0 <u27-q2> . <un7IQn>
0 0 ... (unq)

@ _ i
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Why use QR-decomposition?
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Differentiation
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Derivative

Recall the definition of the derivative:

A function f: (a, b) — R is differentiable at x € (a, b) if

o fix+h) = f(x)
L= /l@o h

exists. L is the derivative of f at x, denoted L = f(x). If fis differentiable at every
x € (a, b), we say fis differentiable. —
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The following are key rules for differentiation:

@ If fis differentiable at étt%en it is continuous at x. €f 1%*): Ix]

® The derivative of a constant function is zero.

® If fand g are differentiable at x, then so is f+ g with (f+ g)'(x) = f(x) + &'(x).
O Product rule: If fand g are differentiable at x, then so is fg with

(f8) (%) = f(x)a(x) + fx)g'(x).

—

® Quotient rule: If fand g are differentiable at x and g(x) # 0, then so is f/g with

(x)e(x) — Ax)g'(x)
g2(x) '

® Chain rule: If fis differentiable at x and g is differentiable at f{x), then so is go f

with
(g0 H'(x) = &(Ax)f (%).

(FlgY ()=
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Next we recall a theorem we proved in greater generality when we discussed
compactness in the topology section:

Theorem (Extreme value theorem)

If f: [a, b] — R is continuous, then f attains a maximum and a minimum, i.e. there
exists c,d € [a, b] such that

flc) < ix) < Ad) Vxé€ |a,b.

A

This theorem is used to prove the following important result:

Theorem (Mean value theorem)

If f is continuous on [a, b] and differentiable on (a, b), then there exists c € (a, b) such

that
1)~ 2) = (b= ). = fhye T2
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If £: (a, b) — R is differentiable on (a, b) and achieves a (local) maximum or (local)
minimum at ¢ € (a, b), then f(c) = 0.

Proof of Mean Value Theorem:

gfﬂ): f(\()* ][CG) — w) [X‘&)
D~ 0

ffa f ch)zo |

J(X) ~J' _ “fEi‘ L[[f&) o, <>) ,{)[/)():fﬁ(/)—fw/)
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I’'Hopital’s rule

Theorem (I'Hopital’s rule)

If f, g are differentiable on (a, b), where a, b may be +o0o, and
lim,_p f(x) =0 = lim,_,, g(x), or both limits equal +o0c, then

f(x)
lim =L
x—b gI(X)
L L
implies f(X) '_712 % XC'()
lim —~ =1L
x—b g(X)
don ooz T
i . -y
a’mlsjttxrtl\tIERISSICTifCSF TORONTO ; ('.M l -V W "@’% f{ﬂ) - .
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)(M )Q..a,?, J&I-QX%—-ZAZ"Q/X'&Z
g _ox g MM
lim — > UV - - Lo zx —
x—0 X — X )0 Xz,)( ¥
1 ]
LSl (k)

i ~0-
) : A - W -
im xeX = L ,_/_)-(/‘ = 'ﬂ__m -e7*
X——00 -0 @ A
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Higher order derivatives

Definition

We define higher-order derivatives inductively as A7 (x) = (A1) (x). If A7 exists (at
x), we say that fis r"-order differentiable (at x).

Definition

If A7) exists for all r € N and for all x € (a, b), then we say fis infinitely differentiable
or smooth. We denote this f&€ C°((a, b)).

——

T
cf (caw)
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Smoothness classes

If fis differentiable and its derivative f(x) is(Continuous, we say that fis continuously

differentiable, and that f& CL. If AV exists and is continuous, we say that f& C". If f
is continuous, we say fe .

Since differentiability implies continuity, we have C* Cc --- Cc C? c C* c C°.

@ | Statistical Sciences
gifUNIVERSITY OF TORONTO

July 24, 2026 28 /43



® The function fx) = |x| is C° but not C.
® The function fx) = x|x| is C' but not C?. NF[CX): X QX““‘)-

® flx) = € and f(x) = x are smooth functions, i.e., in C°.

[ / i
(e)()/: ‘8)( (X)-‘-l , \l);O ,(D)I'—O _Px) 6 (4S5
,gff) R 15t
»f/m) cAs

,f“(‘x) doo,( ot eximM
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Integration
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Riemann integration

Definition (Riemann sum)
Let f: [a, b] — R be a function. We call a set of points P = {xp,...,xn} C [a, b] a

@of [a, b] if the following holds

a=x0<x1<...<xy,-1<x,=0>b.

We call the largest sub-interval of the partition P the of P, denoted |P|, i.e.
|P| = max (xj — xj—1).
i=1,...,n
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Definition continued (Riemann sum)

Given a partition P = {xp,...,x,} C [a, b] of [a, b|] and a set of points
T={t1,...,ta} C[a, b] such that t; € [xi_1,x] for i=1,...,n, we define the
Riemann sum R(f, P, T) corresponding to f, P, T as

PMQ Ttion Yoﬂ"“ ce

w/v Z f(tl)(XI Xi— 1) — Z f(tl)AXH
\/M\/\N—

where we used Ax; = x; — xj_1.
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The idea is to define the Riemann integral as the “limit” of the Riemann sums over all
partition such that their mesh is becoming arbitrarily small:

Definition (Riemann integrable)

A function f: [a, b] — R is called Riemann integrable if there exists | € R such that for
all € > 0, there exists a 6 > 0 such that for any partition P = {xgp, ..., x,} of [a, b] with
|P| < 0 and set of points T = {t1,...,ty} C [a, b] such that t; € [x;_1, Xx;] for

i=1,...,nwe have |[R(f,P, T) — || <e.
We say that / is the Riemann integral of f, denoted / = fab f(x)dx.

1 utaw 1 on ¢
If fis Riemann integrable, then [ is unique.

3@&’

g o )
@ | Statistical Sciences

gfoNIVERSITY OF TORONTO ,\/\/\/\/\/W

July 24, 2026 33/43



otk R

Let R([a, b]) denote the set of functions that are Riemann integrable on [a, b|.

Riemann integration is linear, i.e. if f,g € R([a, b]) and c € R, then f+ cg € R([a, b]).
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Sketch of proof K ({, pT) = 1,

R C X, P) T~ I,
s ki o R sun

R f«» cg, Pz R —f,m) $ CRLPLT)

szw'ﬁy
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% j”\,.

@ The constant function f{x) = cis integrable and its integral is c(b — a).
@® If f is Riemann integrable, then it is bounded. i 2 clyed e
® If f,gc R([a, b]) and fx) < g(x) for all x € [a, b], then

/a " 0 < / " g0)dx

O If fe R([a, b]) and g: [c,d] — [a, b] is a continuously differentiable bijection with

g > 0, then '
/abf(y)dy:/cdf(g(x))gj(x)dx' DM?M ﬁfl/a».a,[,le,‘

@ If f,g: [a, b] — R are differentiable and 7, g’ € R(][a, b]), then

b b
/ )€ (x)dx = f(b)g(b) — fa)e(a) - / (X))o

%Y UNTVERSITY OF TORONTO (17 ‘\mll) ’Flﬂﬁﬁ)lﬁ{@)jﬂg 0{7{‘: ‘p%?/f(_' b)- -FCo-)/f(ﬂ’) July 24, 2026

36 /43



ab /\I"‘7('/(\< < hey ~ heoy

Theorem (Fundamental Theorem of Calculus)

First part:
If f: [a, b] — R is Riemann integrable then its indefinite integral

F(x) = /:f(t)dt

is a continuous function of x. In addition, the derivative of F exists and F(x) = f(x) at
all x € [a, b] where f is continuous.

Second part:
Let f: [a,b] — R and let F be a continuous function on [a, b] with aagiderivative f on
(a, b), i.e. F(x) = f(x). Then if & is Riemann integrable on |[a, b,

/bf(x)dx:F(b)—F(a). © invha froviows - pog.
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Drawbacks of the Riemann integral

® Riemann integration has many nice properies, but it also has some drawbacks

® To see this, we first introduce a nice alternative characterization of Riemann
integrability

® |nstead of looking at all the Riemann sums, we can restrict our attention to two
special forms of the sum
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Definition
Given a function f: [a, b] — R and a partition P = {xp, ..., x,} of [a, b], we define the
lower and upper sum of f via

L(f,P) =) milx; U(f,P) =) MAx;
i=1 i=1

where m; = inf{f(t): t € [xi—1, x|} and M; = sup{f(t): t € [x;—_1, x;]}. We define the
lower and upper integral of f to be

I =sup L(f, P), | = inf U(f, P).
P P

g N
~ -

N AT — 4
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Since fis defined on a compact set, it will be bounded and hence the lower and upper
integral exist and are finite.

One can think of the lower and upper integral as lower and upper bounds for the
Riemann integral.

Let f: [a, b] — R be a function. Then fis Riemann integrable if and only if | = | and

we have | = [ = |.

" ous @ feft fiwit =
Y‘%‘* /[M('+ o
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A function that is not Riemann integrable

0 ifxeQ,

f:[0,1] - R: x+— _
1  otherwise.

Is this function Riemann integrable? Should it be integrable?

No. Lif, pr=o  while w

> 1.9 while  T=

NN
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