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Introduction to Set Theory

® \We define a set to be a collection of mathematical objects.

® |f Sis a set and x is one of the objects in the set, we say x is an element of S and

denote it by x € S. S={ 1,13} 2€S, ¢£9

—

® The set of no elements is called empty set and is denoted by ().
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Definition (Subsets, Union, Intersection)

Let S, T be sets. CcT <= Vglgeg@ seT
® We say that S is a subset of T, denoted SC T, if s€ S impliesse€ T.

® Wesay that 5= Tif SC Tand TCS.

® \We define the union of S and T, denote@ as all the elements that are in
either Sor T.  inclucwe o1

® We define the intersection of S and T, denote@as all the elements that are
in both S and T.

® We say that S and T are disjoint if SN T = (.
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Some examples

M‘twaj MMW

Example

Vew@go®we

Let a, b € R such that a < b.
Open interval: (a,b) := {x€ R:a < x< b} (abmay be —oo or +c0)
Closed interval: [a,b] :={x€ R :a < x< b}

We can also define half-open intervals.

Ca(b]i:
- [a,b>::{xezk;aex<bf
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Let A={x€ N:3|x} and B= {x € N: 6|x} Show that B C A.

Proof. g [)m\/e B LA, e noood o Shaw  yoxep , we fove xEA
ot % be ar /M’?lﬂﬂ7 ferst & B,

go M/Q—W %Q—A
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N2 e TP X
Difference of sets
A 2 @ <

Definition
Let A, B C X. We define the set-theoretic difference of A and B, denoted A\ B
(sometlmes A — B) as the elements of X that are in A but not in B.

The complemf a set AC Xis the set A“: (5)\ A.
T
Comy [omam_ve [ative v uhich /a%e cer?

Let X C R be defined as X ={x€ R :0 < x< 40} = (0,40]. Then
X=(C-0,0] U (4%, )
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Recall that for sets S, T:

® the union of Sand T, denoted SU T, is all the elements that are in either Sand T

® and the intersection of S and T, denoted SN T, is all the elements that are in
both S and T.

We extend the definition of union and intersection to an arbitrary family of sets as
follows:

Let S, o € A, be a family of sets. A is called the index set. We define

U Se := {x:3Ja such that x€ S}, * g th Wimf

%

A o o .
A % § cn Al /wt o710
The fets
ﬂS = {x:x€ S, for all o € A}.
acA ’ J
@ X (Simthe miersecton
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Theorem (De Morgan's Laws)

Let {S,}aca be an arbitrary collection of sets. Then

(U 5a>c () S and (ﬂ 5a>c L s

a€A acA a€cA a€cA

Proof. S, :{,}‘I@QA st @j(

AEA \ P nefﬂ{h
( U Sq )C:§9( v V.
OEA / 10X, y) é_i g&jf gx / VoEA /Xégol( %
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Since a set is itself a mathematical object, a set can itself contain sets.

Definition
The power set P(S) of a set S is the set of all subsets of S.
power set P(3)

Let S={a, b, c}.
Then P(S) §¢ {a,(( ‘f {c?(, {0'«511, {b,cil {(',Af, fa, b,c?l[
[pesr]=g: 2% 20"
N )
(3es3]= 2" ) = holls for oy @t with foin JS/
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Another way of building a new set from two old ones is the Cartesian product of two
sets.

Let 5, T be sets. The Cartesian product S x T is defined as the set of tuples with
elements from S, T, i.e

Sx T={(s,t): s€S and te T}.

This can also be extended inductively to a finite family of sets.
s S=T=R . Sx[=R =
(X,J) € RR ’Xﬂéf&
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Ordered set > €3 5 o wtemle 70 yetlatior.

Definition

A ¢elatiomR on a set X is a subset of X x X. A relation( <)is called a partial order on X

if it satisfies
@ reflexivity: X £ X T.e. (x, %) €R S XxX

@® transitivity: ?JQXSJ/ Zé-Z-, thon we hare X¢ 2 e ng)é,iaf); Cj;:i;f;(—;{;"
)Z

(3) anti-symmetryrjxéﬁf(‘js% “+har ’X:/ & YR, Cfx) 6, thon
7
The pair (X, <) is called a partially ordered set. "f/"

;JILK#J» , e can wet haw
A chain or totally ordered set C C X'is a subset with the property x < y or y < x for
any x,y € C. cX,/7)eR gunof 07, X ER

® ot Some e .
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The real numbers with the usual ordering, (R, <) are totally ordered. I

The power set of a set X with the ordering given by@ (P(X), Q) is a partially ordered

set
B X 28] Thn Pao={ g (4 fY, 51, fiaf, fush 2s], fiest}

gc §if e el e
b {12} {13] do ner hae  oretor
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Let X = {a, b,c,d}. What is P(X)? Find a chain in P(X).

P(X) = {0,{a}, {b},{c},{d},{a, b}, {b, c},{c, d}, {b, d},{a c}, {a,d},{a, b, c},

{b,c,d},{a, b,d},{a,c d}, X}

LR I O S T
cf {& {QL {a,b,tfﬁx
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Consider the set (([0,1],R) := {f: [0,1] — R : fis continuous}.

For two functions f, g € (([0,1],R), we define the ordering as f < g if f{x) < g(x) for
x € [0,1]. Then (C([0,1],R), <) is a partially ordered set.

~/

Can you think of a chain that is a subset of ((([0, 1],R)?

s Le s nolo Aot s Zf. (@) constont ~Fan0f“”’
24\ (F)="%
x)= K > ko arder @"F"X JP"CK)’
R {00 fan-fonn, e}
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Definition

A non-empty partially ordered set (X, <) is well-ordered if every non-empty subset
A C X has amlement.

JaeA, YheA, ash o cab)eRL Xx)X

Example:

(N.<) is... pell-otdered
(R, <)is... o well- orolerad

R n;efja
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Let (X, <) be a partially ordered set and S C X.

Then x € Xis an upper bound for S if for all s € S we have s < x.
Similarly, y € X'is a lower bound for Sif for all s€ S, y <s.

If there exists an upper bound for S, we call S bounded above and if there exists a
lower bound for S, we call S bounded below. If S is bounded above and bounded
below, we say S is bounded.

y

g EX/ A< M\/ W /"ﬂf /:V\jgmtz, L({Fm" W A%m
Y=k, S: [O,IJ 2 .3, G gzl misa wpor bed/
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We can also ask if there exists a least upper bound or a greatest lower bound.

Definition
Let (X, <) be a partially ordered set and S C X.

9

We call x € X least upper bound or supremum, denoted x = sup S, if x is an upper
bound and for any other upper bound y € X of S we have x < y.

—_—— @/

Likewise, x € X is the greatest lower bound or infinum for S, denoted x = inf 5, if it is
a lower bound and for any other lower bound y € X, y < x.

O ®
Note that the supremum and infimum of a bounded set do not necessarily need to exist.

However, if they do exists they are unique, which justifies the article the (exercise).
Nevertheless, the reals have a remarkable property, which we will take as an axiom.
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Completeness Axiom

Let 5 C(R)be bounded above. Then there exists r € R such that r=sup 5, i.e. Shas a
least upper bound.

By setting § = —S:={—s: s€ S} and noting inf S= —sup S, we obtain a similar
statement for infima if S is bounded below. As mentioned above, this property is fairly
special, for example it fails for the rationals.

Example
Let S={qeQ: x* <T}. Then Sis bounded above in Q, but there exists no least
upper bound in Q. == 0 oo i b

=\
S ¢ (¥
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There is a nice alternative characterization for suprema in the real numbers.

Proposition

Let@g be bounded above. Then r=sup S if and only if and
for all € > 0 there exists an s € S such that r—e <s. y.q+9

Proof. (=) @wl\/ if parr

gu.f)\ﬂie wo fove f':-sffgg ’ preve it b7 ooniTadlich ion
yseS, 1-4=253

-4 & an wfper bocrd 3? S

This a comtroplittion
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Using the same trick, we may obtain a similar result for infima.

g(,/f ‘;ogc.

Consider S={1/n: ne N}. ThensupS=1 and infS=0.
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Functions

Definition

A function f from a set X to a set Yi @o X X Y with the properties:

@ For every x € X, there exists a y € Y'such that (x,y) € f & XX\T

Qlf(X,y)Gfand (X,Z)Ef,thenyzz_ ) —Fa{\m X, @7‘/’2 a W;7W$ 15

X is called the domain of f.

AgeaCi e -

How does this connect to other descriptions of functions you may have seen?

For a set X, the identity function is:

Ix: X— X, x—x
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Definition (Image and pre-image)

Let £: X Yand AC Xand BC Y.
o Theimagesf fis the set {A) := {f(x) : x € A}. The f° Sf A dejl
* Thepresimageof+ is the set £ 1(B) := {x: f{x) € B}. The :W/@ &f 2 wd?ff]

S

Helpful way to think about it for proofs:
Image: If y € f(A) then y € Y, and there exists an x € A such that y = f(x).
Pre-image: If x € f1(B), then x€ X and f(x) € B. M(’ / Ef ¢ XKy

-
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Definition (Surjective, injective and bijective)

Let f: X — Y, where X and Y are sets. Then
e fis injective if x1 7 x; implies f{x1) # f(x2)
® fis surjective if for every y € Y, there exists an x € X such that y = f(x)
® fis bijective if it is both injective and surjective Uff?’//‘f)é‘f & X"T

Let F: X — Y, x— X2

fis surjective if K=/ {- (Q/;a
fis injective if Y= f£, Y=k

f is bijective if e 2%

f is neither surjective nor injective if

w= 1=

@
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