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Outline

® Open and closed sets

® Sequences

® Cauchy sequences
® subsequences
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Definition (Open and closed sets)

Let (X, d) be a metric space.
® Aset UC X is@if for every x € U there exists € > 0 such that B.(x) C U.
® Aset FC Xis closed if F©:= X\ Fis open.

U &R
Note: , We g&a(fu # both -
F‘” R %\ wpon ond closad Lo, ] .7 pd.
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Proposition

Let (X, d) be a metric space.

@ Let A1, Ay C X If A1 and Ay are open, then A1 N Ay is open. Tatersest i‘w.
® IfA CX ie@are open, then U;c A; is open. ) pion @
~—
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Proof. (1) Let A1, A> C X. If A1 and A, are open, then A; N Ay is open.

4 6 A NA2
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[ ¢ min §505 ] . Thon Bew € Be,cwNBe, O cA DA
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(2) If A; C X, i € | are open, then Ujc/A; is open.
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Using we immediately have the following corollary:

Let (X, d) be a metric space.
@ Let A1, Ay C X. If Ay and Ay are closed, then A; U Ay is closed. Uvien , |~ mite.
@ IfA; C X, i€ | are closed, then NicjA; is closed. Tn-texcess zen IV\,F-, 7 o
J

Union L ter Seertm
Cvqu cet wainnza ][hﬁfe
C[meof sot finite I"’Fmi e

@ | Statistical Sciences
gifUNIVERSITY OF TORONTO

July 13, 2025

5/22



Definition (Interior and closure)

Let A C X where (X, d) is a metric space. _
® The closure of Ais A := fxe)( | V¢ 90, bec®) N A = }ﬁj / AC A

e The interior of A is A := {?( e T, St Betn) € A k / /X C A
® The boundary of A is OA :=§)(GX/ /g0 st BsCKONA7P
pid BiONAEEE [ apch

Let X = (a, b] Qith the ordinary (Euclidean) metric. Then

’_/~

f=Ca, by , x=[ab] ox=fabf
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Proposition

Let A C X where (X, d) is a metric space. Then Z\@A \ DA.

Proof. ©.C" part by pontimli (v
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Proposition
Let (X, d) be a metric space and A C X. A is closed and A is open.

Proof. M/Q‘” PVDW +bha g‘+rv/7>&/‘ Ve Sron .

g’—h‘om o \exr Som

In fact! A ! J{U: Uis open and UC A} and:A g N{F: Fis closed and A C F}. \
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Sequences

Definition (Sequence)

Let (X, d) be a metric space. A sequence is an ordered list of points x,, n € N, in X,

denoted (x,)nen. We say that a sequence (x,,)neNo a point x € X if

Viso, aMem i d B a)<g, y,s g
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Let (X, d) be a metric space, and let A C X. Then A is equal to the set of points in X
which are limits of a sequence in A.

Proof. I { (& K ’ 1 {KPCA ¢t ¥n2 &
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A set F C X, where (X, d) is a metric space, is closed if and only if every sequence in F
which converges in X converges to a point in F. |
AN — e MW% +
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Cluster points of a set

Definition
Let (X, d) be a metric space and A C X. A point x € X is a(cluster pointof A (also

calle ccuw if for every € > 0, B.(x) contains infinitely many points in A.
it
K is  cluSter por ,jf A

E Vi, b N A ‘F}é

2 Statistical Sciences
gjﬁ,UNIVERSITY OF TORONTO

July 13, 2025 12/22



Proposition

x € X'is a cluster point of A C X where (X, d) is a metric space if and only if there
exists a sequence of points x, € A, n € N, such that x, — x.

Proof.  u¢ter by = 0N W’feaw, po ot

=) 1 A be lutter  poiox.
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Combining the previous result with the limit characterization of closure gives the
following:

For A C X, (X, d) a metric space, we have

A= AU{x€ X: xis a cluster point of A}.

Statistical Sciences
UNIVERSITY OF TORONTO

July 13, 2025 14 /22



Cauchy sequences
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Definition (Cauchy sequence)

I:e/i(ﬁp be a metric space. A sequence denoted (x,)neny € X is called a
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Proposition

Let (X, d) be a metric space, and let (x,)ncn be a convergent sequence in X. Then
(xn)nen is Cauchy.

Proof. [Q)l . he the [;m:@af {;(V,}'
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Definition

A@here every Cauchy sequence converges (to a point in the space) is
caIIed(@\p/ie.

[R' / /K’VL wrth ug""“'{ cond :dosn gt one agmf/w

Example:

R is mt cowplem

Let (X, d) be a metric space, and let Y C X.
(i) If X is complete and if Yis closed in X, then Y'is complete.

(ii) If Yis complete, then it is closed in X.
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Subsequences

Let (xn)nen be a sequence in a metric space (X, d). Let (nk)ken be a sequence of

natural numbers with n; < np) < ---. The sequence (xp, )ken is called a@of
(Xn)nen- If (xn,)ken converges to x € X, we call x a subsequential limit.

o
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Proposition

A sequence (x,)nen in a metric space (X, d) converges to x €
subsequence of (x,)nen also converges to x.

—_—

(if and only if gvery

 Suppe T oevd Com K- Ve, 3.1 az, ol £3.
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Proof continued
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