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Last time

Looked at open and closed sets.
Discussed sequences, which includes Cauchy sequences and subsequences:

• Convergent sequence: xn → x ⇔ ∀ε > 0 ∃ nε ∈ N s.t. d(xn, x) < ε for all n ≥ nε
• Cauchy sequence: ∀ε > 0 ∃ nε ∈ N s.t. d(xn, xm) < ε for all n,m ≥ nε
• Proved that a convergent sequence is Cauchy
• Discussed complete metric spaces, where all Cauchy sequences converge (like R

with the usual metric, absolute value)
• Proved that a sequence converges to x if and only if all subsequences converge to x
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convergentsequenceconuehysequenceD
fine

met pau is complete if all cauchy sequence isconvergent



gen
Open sei leftxdright

UsubseteqX is open if forallxinU existsSigma0 s.t BsleftxrightsubseteqU

Closed set

Fleqx is closed if FrXbackslashF is open



Outline for today

• Continuity

• Equivalent metrics

• Density and separability
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Metrind distance

convergencecontinuity



Continuity

Definition
Let (X, dX) and (Y, dY) be metric spaces, let x0 ∈ X, and let f : X → Y. f is continuous
at x0 if for every sequence (xn)n→N in X that converges to x0, we have
limn→∞ f(xn) = f(x0).

We say that f is continuous if it is continuous at every point in X.
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f is cts in xv

forallxnrightarrowx0 Wehave fleftxurightrightarrowfleftx0right
llbracketin x



Theorem
Let (X, dX) and (Y, dY) be metric spaces, let x0 ∈ X, and let f : X → Y. The following
are equivalent:
(i) f is continuous at x0
(ii) for all ε > 0, there exists δ > 0 such that dY(f(x), f(x0))) < ε for all x ∈ X with

dX(x, x0) < δ

(iii) for each ε > 0, there is δ > 0 such that Bδ(x0) ⊆ f−1(Bε(f(x0)))
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convergent sequence

definition in last page

metricopenball.itliilsliiilt.it
IV forallUsubseteqY and U is open then f CUI is stillopen
v1 forallFY andF it closed then f1CFI is still closed



(i) f is continuous at x0
(ii) for all ε > 0, there exists δ > 0 such that dY(f(x), f(x0))) < ε for all x ∈ X with
dX(x, x0) < δ
(iii) for each ε > 0, there is δ > 0 such that Bδ(x0) ⊆ f−1(Bε(f(x0)))

Proof. (i) ⇒ (ii)
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ContradictionSupposeiil is false existsvarepsilon0 forallS0 S.t dxleftxx0rightdelta and dvarphileftfleftxrightfleftx0rightrightgeq9
Then n EN taking deltanicefrac1n existsxn Sit dxleftxxx0rightnicefrac1n and dvarphileftfleftxnrightfleftx0rightrightgeq9
Sina xnrightarrowx0 because dxleftxx0rightdn xrightarrowinfty bycia we

have fleftxnrightrightarrowfleftx0right

contradi



(ii) ⇒ (iii)

(iii) ⇒ (i)
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ii I says foralls0existsdelta0 at xleftxinXdxleftxx0rightdeltaright implies dvarphileftfleftxrightfleftx0rightrightc
xinBsleftx0right fleftxrightB lfx1forallG0existsC0 s.t xinBsleftx0right flEBclfex.is

forallvarepsilon0 existsS0 s.t Bsleftx0rightsubseteqf1 Bsfx.nl
xinf1leftBaright t1Xo

xinBsleftx0rightRightarrowxinfBvarepsilonrf aleft1rightlet XnrightarrowX0
c

By iii forall0 570 s.t Bsleftx0rightleqf1leftlceilBcfleftx0rightright
sina xnrightarrowx0 16y definition of convergence existsns.s.t XninBsleftX0right if ngeqn8

subseteqf1 CBif 1 u11Therefore xn E f1 Biifcxu11 fleftxnrightinB slfx011

LeftrightarrowdYleftfleftx0rightfxn1rightll definition ofopenball.Thuswe are able t Show

forall0 existsLambdadelta s.t dqfleftxnright fleftx0right1 ll if ngeqndelta that
isfcxnlsfexoi



Corollary
Let (X, dX) and (Y, dY) be metric spaces and let f : X → Y. The following are
equivalent:
(i) f is continuous
(ii) if U ⊆ Y is open, then f−1(U) is open
(iii) if F ⊆ Y is closed, then f−1(F) is closed
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standardwayto define continuing

for a moregeneral

way.preimageofopenset
is still open

il E ii I iiil



We need the following results about sets and functions:
Let X and Y be sets and f : X → Y. Let A,B ⊆ Y. Then

1 A ⊆ B =⇒ f−1(A) ⊆ f−1(B)
2 f−1(Y \ A) = X \ f−1(A)

Proof. Let (X, dX) and (Y, dY) be metric spaces and let f : X → Y.
(i) ⇒ (ii):
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fleftAcrightneqleftfleftArightrightcbydefinition
me don'thave fleftYArightXfleftAright

complement ofpreimage preimageof complement

let UsubseteqY beopen we want t show f1left0right it open
let xinf1leftvright sinel fleftxrightinoverlineU overrightarrowU is open

bydefin.in

f1leftA1rightleftf1leftArightright1

门 XnrightarrowXofleftXnrightrightarrowfleftXoright
970 S.t BxileftfleftxrightrightsubsetURightarrowf1leftBxifleftxrightrightsubsetf1leftUright

By iii
inthe previoustheorem existsdelta0 st Bdeltaleftxrightsubseteqf1leftBleftfleftx1rightrightsubsetf1leftVrightright
forallxinf1leftoverlinevright Bdeltaleftxrightf1leftvright so f1leftiright must open



Summary
what me have is lil xnrightarrowx0Rightarrowfleftxnrightrightarrow fxo leftlceilrightrceil

Iiiil in the previous theorem
existsdelta0 St BSleftxrightsubseteqf1leftBSleftfleftxrightrightright f

1Whatwe need to prove ii UsubseteqT isopen fleftoverlineuright is open
Consider

arbitrary open 0 and prove that f1lefttauiright is open

o Consider
arbitrary xinf1leftvTright and show that existsvarepsiloncBsleftxrightsubseteqf1leftvright

we need thehelp f leftright tI 1



(ii) ⇒ (i)
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what we hate is that forallUsubseteqY f1leftvright is stillopen
what we need to prove is it xnrightarrowx0Rightarrowfleftxnrightrightarrowfleftx0right

forallvarepsilon02lambdadelta0 S.T

B8leftxrightsubseteqf1leftB9leftfleftxrightrightright
xeX Ucdotvarepsilon0 B9lceilfeleftxright it open set in Y
By iii we have f1 B aleftfleftxrightrightrangle is open

Bydefinitionof open set existsdelta0 st B8leftxrightleqf1 Baifanit

Since this holdsfor VXt X f is cts



(ii) ⇒ (iii)

(iii) ⇒ (ii)
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li il UEY then f1leftoverlinevright is still open
is

openiiit FsubseteqT is closed set f1CF is still closed

Let FsubsetY beclosed bythedef f closed set
Iii IF is open rightarrowf1leftFcright is open

Thus me have leftf1leftF1rightright1f1leftFright
property leftf1leftFrightrightf1leftFright

let UsubsetT be open since U1 is closed

f1leftUright is closed 1by iii

f1leftU1rightleftf1leftUrightright1 which is cloned

ftc it is

openis

closed

dleftfright



Definition
Let (X, dX) and (Y, dY) be metric spaces and let f : X → Y.

• f is uniformly continuous if for all ε > 0, there exists δ > 0 such that for every
x1, x2 ∈ X with dX(x1, x2) < δ, we have dY(f(x1), f(x2))) < ε

• f is Lipschitz continuous if there exists a K > 0 such that for every x1, x2 ∈ X we
have dY(f(x1), f(x2))) ≤ KdX(x1, x2)

Proposition
Let (X, dX) and (Y, dY) be metric spaces and let f : X → Y.

f is Lipschitz continuous ⇒ f is uniformly continuous ⇒ f is continuous

Proof is one of your exercises.
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Recall f is Its in x0 forallG0 existsS0 s.t dXleftxx0rightSRightarrowdYleftfleftxrightfleftxrightrightvarepsilon
f iscts in X forone xv we wouldhave one Sa X0

9defined in whole

set.knownconstant



Contraction Mapping Theorem
Definition
Let (X, d) be a metric space and let f : X → X. We say that x∗ ∈ X is a fixed point of f
if f(x∗) = x∗.

Definition
Let (X, d) be a metric space and let f : X → X. f is a contraction if there exists a
constant k ∈ [0, 1) such that for all x, y ∈ X, d(f(x), f(y))) ≤ kd(x, y).

Observe that a function is a contraction if and only if it is Lipschitz continuous with
constant K < 1.
Theorem (Contraction Mapping Theorem)
Suppose that f : X → X is a contraction and the metric space X is complete. Then f
has a unique fixed point x∗.
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if notcomplete
candy sequence canbe

not convergent

二



Example
Let f :

[
−1

3 ,
1
3
]
→

[
−1

3 ,
1
3
]

be defined by the mapping x +→ x2. Assume we use the
standard Euclidean metric, d(x, y) = |x − y|. f has a unique fixed point because
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X is complete closed subset f a complete space R d

f is Lip Ctc with0leqk1

forallxyinleftnicefrac13nicefrac13right fleftxrightfleftyrightx2y2leftxyrightleftxyright
leftfleftx7fleftyrightrightleftxyrightleftxyrightleqnicefrac23leftxyrightright knicefrac231



Equivalent metrics

Definition (Equivalent metrics)
Two metrics d1 and d2 on a set X are equivalent if the identity maps from (X, d1) to
(X, d2) and from (X, d2) to (X, d1) are continuous.

Proposition
Two metrics d1, d2 on a set X are equivalent if and only if they have the same open
sets or the same closed sets.
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xn

d1leftxnxrightrightarrow0Leftrightarrowd2leftxnxrightrightarrow0xnrightarrowx underd xnrightarrowx under di

UleqX U is open in leftXd1right U_isopenin leftxd1right



Recall the order of intwduey concepts

Set X 一一 Metric d lleorie space leftxdright

open closed set
upsilon

u defined in metric space leftxfracdcright



Definition
Two metrics d1 and d2 on a set X are strongly equivalent if for every x, y ∈ X, there
exists constants α > 0 and β > 0 such

αd1(x, y) ≤ d2(x, y) ≤ βd1(x, y).

If two metrics are strongly equivalent then they are equivalent. The proof of this is one
of the exercises.
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d1leftxyrightleqbetad1leftxyrightd1leftxyrightleqnicefrac12d1leftxyright
di can be boundedbydi
di canbe boundedbyd



Example
We show that the Euclidean distance (induced by 2-norm) and the metric induced by
the ∞-norm are equivalent on Rn.

Can you think of an example that we’ve seen of a metric that isn’t equivalent to the
Euclidean metric?
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owecan show these two are strongly equivalent

leftxyrightinftymax_ileftxiyirightleftxyright2sqrtsum_i1nleftxiyiright2

leftxcdotyrightinftyleqsqrtsum_i1nleftxiyiright21leftxyright2leftxyright2leqsqrtsum_i1nmax_ileftxiyiright2sqrtncdotleftxyrightinfty Rightarrowxyinftyleqxy2leqTnxyinfty



Suithourlossofgenerality assume XequivmathbbR

All three propertiesare satisfied
formerrieWithsuch merit every singleton is open set

Eg forallxinX By2leftxrightleftxright
That is saying d on x hat different open sets

with Euclidean metric on x

Thog are not equivalent

leftxdright



Density

Definition
Let (X, d) be a metric space. A subset A ⊆ X is called dense if A = X.

Why are dense sets important?
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Recall overlineAxinXforallvarepsilon BleftleftxrightcapAneqvarnothingright
downarrow

A cx is dense forallxinX forallvarepsilon0BvarepsilonleftxrightcapAneqphi

c We can approximate any
elementof a space

using
elements from a smaller suhsei



Examples
1. (R, | · |)

2. Let X be a set and define d : X × X → R by

d(x, y) =
{

0, x = y,
1, x ̸= y.
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m mi standard Eac
leader

Q Soul rational numberY

Q is dense x EIR 0 X is irrational
we can approximate any x

by rational ham

be.Fora 3 14159
The only dense set is

itself exercise1



Definition
A metric space (X, d) is separable if it contains a countable dense subset.

Example:
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Then leftmathbbRdright is separableQmathbbR
dense and

countable.Is
there any

metric space is not separable



Example
Define %∞ = {(xn)n→N : xn ∈ R, supn→N |xn| < ∞}, the space of bounded real valued
sequences. Endow %∞ with a metric induced by the supremum norm, namely
d((xn)n→N, (yn)n→N) = supn→N |xn − yn|. Then %∞ is not separable with respect to the
topology induced by this metric.

Note: this proof relies on content from the cardinality section. Specifically, Cantor’s
theorem gives us that |A| < |P(A)| for any set A.
Proof.
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x

d.countable.dense

Assume Slinfty is countable Show it cannot be dense

SleftleftxnkrightninmathbbNkinmathbbNright
Define a new sequence lgulncni hy 0 if leftxnnright1

if leftxnnrightleq1yn 2



Proof continued.
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By construction foralln leftynrightleq2 Th leftynrightnEN inlinfty

Furthermore by construction of yn we
haveelement

in sd1 yulnEN leftxnkrightntN geq1
X1

k1k2k3k4 x3x32x2 x4ldots
xvarphicdot
x43ldotsldots
x46ldotsldotsldots

By taking varepsilonnicefrac12 then Bnicefrac12 lgnlntn 3cap5
phi x1

X12X13x14 xx24 x33
So S is nor dense

Contradicts
x34



Assume S is dense show thet It cannot be

countableForany
subset ICN we can define eIleftefracInrightninNinlinftyas

1enI 0 beginmatrixninInnotinIendmatrix

Note if IneqJ existsxst leftenIenTright1
So dlefteIeJright1 if IneqJ
let varepsilon14BvarepsilonlefteIrightcapBvarepsilonlefteJrightphi if I打
So all BiceI are disjoint for any
ICNletsc lo be a dense subset

By definitionof dense subset Bqce In Sneqvarnothing

To show This we need construct a

RightarrowleftSrightgeqIleftleftIINrightrightleftPleftNrightrightleftNright injective function
between S andtrslash Il ICH
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