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Last time

Looked at open and closed sets.

Discussed sequences, which includes Cauchy sequences and subsequences:

e Convergent sequence: x, — x < Ve > 03 n. € N s.t. d(xp, x) < e forall n> n,

® Cauchy sequence: Ve > 0dn. € N s.t. d(x,, xm) < € for all n,m> n,
® Proved that a convergent sequence is Cauchy

® Discussed complete metric spaces, where all Cauchy sequences converge (like R
with the usual metric, absolute value)

® Proved that a sequence converges to x if and only if all subsequences converge to x

Omwe/f»j (o9 uen (e < conl/e«ft/f’t §e7
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Outline for today
,/M(—ff]f, 0@ — OZ;QMMQ —> (on W’fﬁw
\
Con| i maity .
e Continuity
® Equivalent metrics

® Density and separability
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Continuity

Let (X, dx) and (Y, dy) be metric spaces, let xog € X, and let f: X — Y. fis continuous
at x if for every sequence (x,)nen in X that converges to xp, we have

lim,_ 00 ixn) = f(x0).

We say that fis continuous,\hc it is continuous at every point in X.
/N
(m X ) ‘f is s o M

Vo Kn > Ko e foue f()(uj—?f[xb)
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Let (X, dx) and (Y, dy) be metric spaces, let xo € X, and let f: X — Y. The following
are equivalent: con \/e/gm 9€7W'
(i) fis continuous at xo - fuition i Jost pare.
(ii) for all e > 0, there exists § > 0 such that dy(f(x), f(x0))) < € for all x € X with
dx(X, Xo) <40 _ AT e
S =
(i) for each € > 0, there is § > 0 such that Bs(xo) C f 1(B.(f(x0))) epeu ball.

(1) = (1) D) D)
(W P ULY . owd U8 apon, than L) s s+ill pey

L) V7 ¢ 1, andl T s cloed ,  thoy f{LF) LSt CAaad,
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(i) fis continuous at xg

(i) for all € > 0, there exists § > 0 such that dy(f(x), ({x0))) < € for all x € X with
dx(x,xp) < 9

(iii) for each € > 0, there is 6 > 0 such that Bs(xp) C f *(B(f{x)))

Proof. (i) = (ii) Cont ra o ctime
Cuﬂm« (o) _@"' A4, pP(»0, S1 Axo%) <€ and JT(]C;AJ, 7[})(.;))25’

cout rodittn,

Thn V&, %k?y =, % 1. dxuge) < and dyCfm fm)28 &
Cins. An = Ko ( becaue Al X <l w90 . 17 ¢ we howe ]EM 970)6)
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(i) = (iii) G/ 9075 Voou, 4050 st XEYXeEX dxCh %)<C F.,wr/ies MM

X € BoCho) fo eBsfﬁ'ﬂ )

& Yew, A5 st x€be (k) >w’) Xejff&(xm)
ED V0,80, a1 Be (1) ¢ (o))

(i) = ( EOL S A6{t
M
C

k] GV ew 30 51 o0k S TeBeefa ) -
S Jn o, (by defuirio of ommrpun ) 30, ar N\, € Bgll
[NN’fW‘? Y & o &) JGXW)GBQ(JQ« EAtBef o)
7 1o, o) <¢ & dintin of gon bod

Thes, we we able % Shw
. i, T, S, dT(fth)/f[XO))<{ J@mng
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Let (X, dx) and (Y, dy) be metric spaces and let f: X — Y. The following are
equivalent:

(i) fis continuous
(ii) if UC Yis open, then f1(U) is open <& Stan dord "1’“7' e ’(70"'9 Conttuty
(i) if FC Yis closed, then f~1(F) is closed @  Inoe

\Y re- M\,JQVT :/Frem s 15 SHill v])@n

(1) 2> G ;ﬂri})
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We need the following results about sets and functions:
Let X and Y besetsand f: X— Y. Let AABC Y. Then j['cﬂc)# H;‘A)]L
®ACB — f—l(A) C f_l(B) & 62 o(O—ﬁ'w'l(O‘ﬂ

© F1(Y\A) = X\ F1(A) by dfiic
TCAY) = (Tw Jesront — = pre-; )
ProofqF Let (X, dxgand](Y, dii;?be met iéﬁsﬁé% and let f: j; \ﬁmf e
(i) = (ii): /o UeY be open, we w o fﬁCU) $ epen.
[T Jan o9 | (ot Ke f10) sn fo2 €U, U s gpen,
7450 41 Bi(j;ﬁ)CU = f-Cgi‘f'“‘) CfH(U)

@a (1) i the pro s thowon oo gy %gfﬁ)éfﬁf B{C)l’fx ") Cf"CU] ¥
7 Xe—f"ﬂf), Bsex) C )‘HCU) , So f"nj) Mt Opon.

s we dot han CTVAYZ RV FeA)
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Cummory
Whot Y\ZWQ howe 15 ) Xn 9% , = —fm)efvxo) (X
i) v tle Pm views  thoo Vew ,

1 g0 v pBotr) L4y, cfix ) ()
whovt  we ned o prove Lir) DLy ”Ufw' j/'—fCD—) - D}Pe'ﬂ.
L. Coneider arbi ff7 gpon U ond prow she £700 ) i qpen

/s ons ioler mriiwwz O(éf"CU)f ovl  Show  Yas f’Q/C, ;;g[/x\)éjf'{(u)
\/\_/\_/—\_/\/\

MW%%% [*)ﬁ*ﬂh.



M/I’W\* we W s vl \-/U_C_, T’ ]0'((-(]’) 14 §+H/ efw
what e M.QQC[ 1% [’V"‘M 2 ‘l’/‘%, Xn-2 Yo =D ]D[?Ru, 9"'7356’(0)
Y400 A8,  S.v.
(i) = (0 g0 € 70 b tfew) )}
- ; \
peX , Vo, Belfen) i qpen soc i ¥
@gh‘}), me  Aowe ](w(\gilﬁ‘))) [y open
P;\/ de"ﬂHl’ﬂ éf epen e, 9050 , 1. dgLh) & ’f’/[gé‘fffﬂ)l)

g Hhis hels fn vxe X, f TS
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Vi) (¢ T/\ +hen jf'"(/p‘) is swill  epey
i

(i) = (i) .1 FEY s ‘choed sex, PICFY is seitl chsed

o TCY be closed , by the ol ﬂec[w‘a/ get )
’{IC (s B?W Ln')_7 -J(,'ICFC) i3 G}NM
Thus  we  howe (Jf-fcfc)jd — j?-’(]ﬂ s c@
poprgs [Ficpr] = CF)

(iii) = (ii) C
Z?/t —UCT be bPen, g U s Closed

f-'(Uc) S (‘,losed (‘[77 Giv o)
[ ¢
@ jF_,(jUC> — UHCU)} ;LUAI'CA 'S C[a,(e/ < |
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Pocosd i f s 18 (fa_Xo) \ V6o0 TS>0 $4. GheXNICE D By {ghh e ) <2

Definition
Let (X, dx) and (Y, dy) be metric spaces and let f: X — Y.

® fis(uniformly)continuous if for all ¢ > 0, there exists d¢> 0 such that for every
X1,X2 € X with dx(Xl,Xz) < 5, we have dy(f(Xl), f(X2))) < € @((.F,md m W}w’f set.

® fis Lipschitz continuous if there exists a K > 0 such that for every x;,x2 € X we

have dy(f(x1). fx2))) <(Kkix(x1. x2)

knﬁwn conl=<ouwt .

Let (X, dx) and (Y, dy) be metric spaces and let f: X — Y.

fis Lipschitz continuous = f is uniformly continuous = f is continuous

Proof is one of your exercises.
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Contraction Mapping Theorem

Definition

Let (X, d) be a metric space and let f: X — X. We say that x* € X'is alfixed point of f
if x*) = x*.

Definition
Let (X, d) be a metric space and let f: X — X. fis aif there exists a
constant(l{e/[ﬁjbsuch that for all x,y € X, d(fix), (y))) < kd(x, y).

e
Observe that a function is a contraction if and only if it is Lipschitz continuous with

¢equosl Can 'lie
constant K < 1. L gt complaie cavely wj Co Lerp.

Theorem (Contraction Mapping Theorem)
Suppose that f: X — X is a contraction and the metric space X is Then f

has a @fixed point x*. o
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Let f: [ 3> :1,’] o [ 3 3] be defined by the mappmg@ Assume we use the

standard Euclidean metric, d(x, y) = |x— y|. fhas a unique fixed point because

@) X i WT/W {C(afeo[ SwhseA fawf/eﬁ €{7cwz CR, L)

@' f '8 [FF— ot wirh «k </
v A IRV R PR S AU B
/jﬂ'ﬁ’)"fﬂdplz X~H)ff-{<//x(7, , )(:%<}
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Equivalent metrics

@)

Definition (Equivalent metrics)

Two metrics di and d» on a set X arif the identity maps from (X, d;) to
(X, d») and from (X, d>) to (X, d;) are continuous.

Aditan®) 20 < dytknr) >0 //p.ax wdw A, & K> X wder dr

Two metrics dy, do on a set X are equivalent if and only if they have the same open
sets or the same closed sets.

UC/'X, U’ES 6?04 1z (X,d:): U7SU]’9’47‘4 [X,ééz)
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Two metrics di and d> on a set X ar@g/y equiva@if for every x, y € X, there
exists constants o > 0 and 8 > 0 such A ”’ﬁ) £ 1@0@, (Y )

adi(xy) < da(x,y) < Bdi(x, y). 508’ (514) & [y ole cxf)

If two metrics are strongly equivalent then they are equivalent. The proof of this is one

of the exercises. 4, con be hotumdod 7 d;
§0(2 Can be  boended l’(7 d
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We show that the Euclidean distance (induced by 2-norm) and the metric induced by
- I n
the oco-norm are equivalent on

We Con shw  thse tw 4 S“m% Q7Ww/ewf_

”4‘(7”90 = Nﬂ/xi"(?}[ / [/X-][/Z: W
1% 1l € AE 000 = 4 01 wgi

I =) r/x-(71/ 5o Sl )(7,’/ € (e g,
”Y‘J”l Nz mox ()(;7;)l = n //X‘{/Zoo

Can you think of an example that we've seen of a metric that isn’t equivalent to the
« Euclidean metric?
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Let X be a set and define d: X x X — R by (rthgwr  foss f fwm/7/ ot UWrQ XER)

o x=y i oD
d(x,y) = {17 Xy &~ Al three ropecties but S‘a.j/sf,e‘(
W H'h SUA e rit, l S;ylt' Yeon ¢S O?eﬂ sex - ]Cm’ e«

vt {2 (X, d)
Thd s sn\/ivj, doon X I diﬁ'wwt Pon sens

Wit h ch[,'o(zam mEAYIC TN /X
=) T}\"j e et €7n«'va/6m:




Density

Definition
Let (X, d) be a metric space. A subset A C Xis called @f A= X

Rocadl A= fxeX|vT, BsxINAZEL
AcCK is dese </—J/;> Vaek, Viso, 84(«)/“\7{%

Why are dense sets important?
/s I/Ue Cown DT)PWN;W\W Q/Q,W f a 70—6‘2
M:y ¢/emut5 ]QW o Smoller sub sex.
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Examples
1. (‘il%)u\)/ c—ramdwa( -Ea C/éﬂ((‘?ﬂ/
@ < {Wl va +ronaf et ber T
R s e, VAER[R + X it irranioay.

We coun va[)mx'éma:u: an X
*’] Perioa ) num ho

d(x. y) = 0, x=y, B
PPT\L x#y S N N
/\/\M/\N\/__/__

2. Let X be a set and define d: X x X — R by

The ml\/ chse Set i
X ,‘-(se/l)Q C <fencise)
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Definition

A metric space (X, d) is (separable)if it contains a countable dense subset.

Example:

QA CR , Thea (IR d) 15 S‘c(po/ral/e

donse amd  Qounteble -

Is 'f/\m/? C"”j MMaTiC glpw (& uot QQ;DOVVDJ-/??
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Define oo = {(Xn)nen : Xn € R, sup,cy |Xn| < 00}, the space of bounded real valued
ha DOHNTEY E4 VAR

sequences. Endow £, with a metric induced by the supremum norm, namely /.
d((Xn)neN, (Yn)neN) = SUP,cx |Xn — ¥n|.- Then £ is not separable with respect to the

7\

topology induced by this metric. ) :

Note: this proof relies on content from the cardinality section. Specifically, Cantor’s
theorem gives us that |A| < |P(A)| for any set A.
Proof. ) Asswme SCle s pountokle , Shew it conwet be oltn se

S= 5 (% en | RENT.
Dejiwe R oW se?mw ({Vl)héﬂ bﬁ g"‘: O ’jp / ZLL/?/
jl SEAGH

Statistical Sciences
UNIVERSITY OF TORONTO

July 13, 2025 21/1



Proof continued.

B\J Con St et fon, l/%/ /(Tn/é)’ ' 7&“5 (/”)Ké[\t éwgao

_{_—)MJ,MWWE/ 67 CONSt L+ bon % Vil we hove
efe ment n C T

d C (folnar CXn Dy ) 2 |

| r

BN, 1&1«7 t2lh, then %/,_(%A/A&N)/\S /‘CZ’/ X)) R, X3 Yy -
:% =2 )(ll— @ x}t X(; o
RS XP X @ oo
Co G ;s nov denge. k=9 X x;p Xg(p@:-"
Com trodicts.
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/~\S§W g‘;s dense . B +her 2% cannst  be  countalle

7.3* qw7 QwLSe-t ICN, e com 012—’071-2 67:(65)%,\,{2& ac

@hllgi , M€l

o [ NGT

Note , 'flﬂ , A st [ef-all=]
yi T = P T4 T

S, deeeld i 1]

Gt £V, Belef) N e’z [ 27]

(S0 ot Boww) s dupie for ey LCN

(o1 S C bo @ len se subsex
}%\; dg{}mu;m af a/erue §wLS'eé, Bi[@z)ﬂ 3—7‘—}% )

=) Is| 2 /{{IJICN} o Sha hy, o Mﬂjﬂw :
f’tyeutive o

~pews) 7 0 bowarn ¢ wf{z/mf?(
[ ] > Ini

77\%*7@& ¢ comwn be Cawtekle
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