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• Compactness

• Extra properties of R
• Right- and left-continuity
• Lim sup and lim inf
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for a general metric space
w.ir.i Euclidean distance



Last time

Definition
Let (X, d) be a metric space. A subset A → X is called dense if A = X.

Definition
A metric space (X, d) is separable if it contains a countable dense subset.

Example
R is separable because Q is dense in R
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QnsubseteqmathbbRn su
mathbbRn is also separable



Example
Define !→ = {(xn)n∈N : xn ∈ R, supn∈N |xn| < ∞}, the space of bounded real valued
sequences. Endow !→ with a metric induced by the supremum norm, namely
d((xn)n∈N, (yn)n∈N) = supn∈N |xn − yn|. Then !→ is not separable with respect to the
topology induced by this metric.
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S countable S cannot be

denseSdense S cannot be countable



Compactness

Definition
Let (X, d) be a metric space and K → X.
A collection {Ui}i∈I of open sets is called open cover of K if K → ∪i∈IUi.
The set K is called compact if for all open covers {Ui}i∈I there exists a finite subcover,
meaning there exists an n ∈ N and {U1, . . . ,Un} → {Ui}i∈I such that K → ∪n

i=1Ui.
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Example
Let S → X where (X, d) is a metric space. If S is finite, then it is compact.

Proof.
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Finite set is alwayscompact.Sis finito so we can write it as Sleftx1ldotsxnright
let leftUlambdarightlambda1 is an open cover of S st vlambda is openget

and Ssubseteqcup_lambdainLambdaUlambdaFor each i existslambdaiinLambda Set xiinUlambdai

Then Si1nleftxirightfracCpicupi1ncuplambdai s is controledby afinitesubcovenleftleftXirightsubseteqUlambdairight
Therefore S ie compact



Example
(0, 1) is not compact.

Proof.
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We need to find an opencover uhoiefin.ie subcover
cannot cover left01right

ERLet
Vxleftfrac1n1rightngeq2 leftvnrightngeq2 is an open cover of 101

Un is open leftngeq2right

cupn1inftyUnleft01rightleqleft01rightIprove by contradiction
Suppose leftlangle01rightrangle is compact then there it a finitesubcover

leftUn1Un1ldotsvnkright i x1x1ldotsuk he isfinite number

Then left01rightsubseteqcoprod_j1kUxjUxkleftnicefrac1xk1rightsubseteqleft01right Contradiction

So we must have left01right is not compact



Proposition
Let (X, d) be a metric space and take a non-empty subset K → X. The following holds:

1 If X is compact and K is closed, then K is compact (i.e. closed subsets of
compact sets are compact).

2 If K is compact, then K is closed.
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closed

If k ie not then k isnever
compact

left01right is notcompactclosed.comp

atxfX is compalt



Proof. (1) If X is compact and K → X is closed, then K is compact
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(2) K → X compact ⇒ K is closed.
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puru it by
definitionSufficient

condition

It suffices a Show
overlinekk Ishowthisby contradiction

ISupposeoverlineKbackslashKneqphi let xinoverlineKbackslashk
Now consider fracBaleftxright 90

overlineB2leftxright is open

cupvarepsilon0overlineBUxleftrightXbackslashleftxright
Since xinTbackslashk xnotinK So we have Ksubseteqcup_varepsilon0overlineBvarepsilonleftxrightXbackslashleftxright
Thus leftoverlineBSleftxrightright0 is an open coverof k
Since k is compact there exists afinite subcover
let this subcover be leftoverlineBvarepsilon1leftxrightoverlineBvarepsilon7leftxrightvarepsilonldotsoverlineBvarepsilonnleftxrightright

rank it in increasing order
varepsilon1varepsilon1varepsilon3ldotsvarepsilonn
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Then ksubseteqoverlineBvarepsilonnleftxrightcoverlineBvarepsilonileftxright1overlineBvarepsilonjleftxrightr forallij

fracBvarepsilonnleftxrightleqka Therefore Bancx capkphileftKccapKphiright

However we're assumed xinoverlinek BanleftxrightcapKneqphi

pounds we must have for any compaeo seo k
overlinek I k is empty set

Then saying k is

closed.Contradiction



Arbitrary compact metric spaces have some nice properties in general as the next
proposition shows.

Proposition
A compact metric space (X, d) is complete and separable.

Also, just as we had a sequential characterization of the closure of a set in metric
spaces, we similarly have a sequential characterization of compactness.

Theorem
Let (X, d) be a metric space. Then K → X is compact with respect to the metric
induced by d if and only if every sequence in K admits a subsequence converging to
some point in K.
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Any Cauchy sequences must be convergent sequence
dense and countable subset



Compactness on Rn

Theorem (Heine-Borel Theorem)
Let K → Rn. Then K is compact with respect to the topology induced by the Euclidean
distance if and only if it is closed and bounded.

A corollary of the last two theorems is the Bolzano-Weierstrass theorem.

Corollary (Bolzano-Weierstrass)
Any bounded sequence in Rn has a convergent subsequence.
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Recall forageneral metric space

comp atclosed
X is compact

Metric space mathbbRn 2 porm

compact
closedand

bounded.let
leftxnright be a bounded sequence Then existsmu0 s.t.lxnkM.vn

Then leftxnrightKileftleftxrightleqmuright clonedandbounded ByH B theorem

k is company exists subsequenceofleftxnright converging
o some

pointdef k



Proposition
Let (X, dX) and (Y, dY) be metric spaces. Suppose K → X is compact and let f : K → Y
be continuous. Then f(K) is compact.

Note: this is a generalization of the Extreme Value Theorem to metric spaces.

Recall from the set theory section:
If f : X → Y:

1 A → B → Y ⇒ f−1(A) → f−1(B) and A → B → X ⇒ f(A) → f(B)
2 f−1(∪i∈IAi) = ∪i∈If−1(Ai), where Ai → Y ∀i ∈ I
3 f(∪i∈IAi) = ∪i∈If(Ai), where Ai → X ∀i ∈ I
4 A → X ⇒ A → f−1(f(A))
5 B → Y ⇒ f(f−1(B)) → B
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The compactness
remainsunder as

fusionIff is as then imageofcompaer setisstill
compact

fleftabrightrightarrowmathbbR left1right 二 f hat min andmax
ik compas f iacts fikl is compact closedandbounded

fleftkrighthasminand

max.Butwe donot Ageqf1fleftAright ingeneral



Proof.
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A sune f Is cts let KsubseteqX be any compact set

we will prove fek is compact by definition

let UnYnen k an opencover fuk i.e fk1subseteqcupalphain1cuplambda
Then kleqf1leftfleftkrightright in previous page

subseteqf1leftcupxin1Uxright
cuplambdainLambdaf1leftVlambdaright in previous

page.Thismeans leftf1leftvlambdarightrightxinOmega is an open cover of k
Since k is compact exists finite subcover of k
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let it be leftf1leftvalphairightrighti11ldotsn and we have

kleqi1nf1leftUlambdairight
fleftkrightleqflefti1xf1leftUlambdairightright
i1nfleftf1leftUlambdairightright 3 in previouspage

Ccupi1nvlambdaileftff1vlambdairightleqva i in previouspage

Thun I ulambdaii1n is finito open cover of fckl
subcover

Tharis saying fclel is also compact



Extra properties of R
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Right and left continuous

Recall: f : R → R is continuous at x0 ∈ R if for all ε > 0 there exists a δ > 0 such that
|x0 − y| < δ implies |f(x0)− f(y)| < ε.

Definition
Let f : R → R.

• f is left continuous at x0 ∈ R if for all ε > 0 there exists a δ > 0, such
|f(x0)− f(x)| < ε whenever x0 − δ < x < x0.

• f is right continuous at x0 ∈ R if for all ε > 0 there exists a δ > 0, such
|f(x0)− f(x)| < ε whenever x0 < x < x0 + δ.

We say that f is left continuous if it is left continuous at all points in the domain, and
similar for right continuous.
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cdfof a r.v X
right cosEg cdf

lim_xx0fleftxrightfleftx0right



Proposition
A function f : R → R is continuous if and only if it is left and right continuous.

Proof.
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Exercise



Bounded sequences and monotone convergence

Definition
Let (xn)n∈N be a sequence in R. We call (xn)n∈N bounded if there exists an M > 0
such that |xn| < M for all n ∈ N.

Theorem (Monotone convergence theorem)
(i) Suppose (xn)n∈N is an increasing sequence, i.e. xn ⇒ xn+1 for all n ∈ N, and that

it is bounded (above). Then the sequence converges. Furthermore,
limn→→ xn = supn∈N xn, where supn∈N xn := sup{xn : n ∈ N}.

(ii) Suppose (xn)n∈N is a decreasing sequence, i.e. xn ≥ xn+1 for all n ∈ N, which is
bounded (below). Then the sequence converges and
limn→→ xn = infn∈N xn := inf{xn : n ∈ N}.
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Convention: supA = ∞ if A → R is not bounded above and inf A = −∞ if A is not
bounded below.

Lemma
If A → B → R is non-empty, then inf A ⇒ supA, supA ⇒ supB, and inf A ≥ inf B.

The proof of this follows from the definition of greatest lower and least upper bound.
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inf BleqsupB



Definition
Let (xn)n∈N be a sequence in R. We define the limit superior of (xn)n∈N as

lim sup
n→→

xn := lim
n→→

sup
k≥n

xk.

Similarly we define the limit inferior of (xn)n∈N as

lim inf
n→→

xn := lim
n→→

inf
k≥n

xk.

If the sequence (xn)n∈N is not bounded above, then lim supn→→ xn = ∞. Similarly, if
the sequence (xn)n∈N is not bounded below, then lim infn→→ xn = −∞.
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a sequence induced by n
decreases as n

increasesa
sequence

inducedby n

increasing



Proposition
Let (xn)n∈N be a sequence in R.

• The sequence of suprema, sn = supk≥n xk, is decreasing and the sequence of
infima, in = infk≥n xk, is increasing.

• The limit superior and the limit inferior of a bounded sequence always exist and
are finite.

Proof.
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By MCT For a bonded sequence

if it is monotone the it'sconvergentlimitexercise.ex isil

For a general boundsequence limit is notguaranteed
to

exist.Fora general boundsequence

limsry and liminf always
exist



Theorem
Let (xn)n∈N be a sequence in R. Then the sequence converges to x ∈ R if and only if
lim supn→→ xn = x = lim infn→→ xn.

Proof in notes.
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lim_nrightarrowinftysxnx if limsup_nrightarrowinftyxnxliminf_nrightarrowinftyxn



Ef xnleft1rightnleft12rightn

t n is even

1 nvarphi7 5 6

n isodd1

lim_nrightarrowinftyxn do not exist

limsup_nrightarrowinftyxn1
liminf_nrightarrowinftyxn1



We can extend this easily to a sequence of functions fn : X → R as follows:
Define f = lim supn→→ fn to be the function defined pointwise by
f(x) = lim supn→→(fn(x)) and similar for the limit inferior.

There also exists a set theoretic version in terms of unions and intersections which you
will encounter in probability.
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OxinX

forlimsup.linif
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