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Outline

Today:

® \ector spaces and subspaces
® Linear independence and bases

® Linear maps, null space, range
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Vector spaces & subspaces J
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We call V' a vector space if the following hold:

-

(A) Commutativity in addition: W Hv =v + u for all u,v € V
B) Associativity in addition: u+ (v +w) = (u+v) + w for all u,v,w € V
(C) Existence of a neutral element, addition: There exists a vector 0 such that for any

veV 0tv=v £ ok
(D) Additive inverse: For every v € V, there exists another vector, which we denote
—v, such that v+ (—v) = 0.

(E) Existence of a neutral element, multiplication: For anyve V, 1 xv=v
@ Associativity in multiplication: Let o, B € F. For any v € V, (af)v = a(fSv)

(G) Let a € F,u,ve V. a(u+v)=au+av.
(H) Let a, 6 € F,v e V. (a+ B)v = av + [v.
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Elements of the vector space are called -
Most often we will assume F = C or R.

Orne we e 0. appRprete
The following are vector spaces: AER - {.X £ ClR,IR)
e R” =) f’rg ¢ CIR,R)
i af € COR R

e ((R;R), continuous functions from R to Re-:

® M,«m, matrices of size n Xx m

® P, (polynomials of degree n, p(x) = ag + aix+ ...+ apx").

5. CPU'\/VOM‘V{ >t LIM7 ot af) = f/))7;wwa/)
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For every v € V, we have —v = (—1) x v. \

_6: ']7* ("5):6\
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Definition
A subset U of Vis called a(subspace)of of Vif U is also a vector space (using the
same addition and scalar multiplication as on V).

N ~———

A subset U of Vs a of Vit and only if U satisfies the following three
conditions:
> Yestor.
@ 0c U
® Closed under addition: u,v € U impliesu+v € U
© Closed under scalar multiplication: o« € F and u € U implies au € U }\\

<
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We call V' a vector space if the following hold:

@ MO& -tv*nv;a‘i?/ smile U(Q&MW‘

(A) Commutativity in addition: WH)v =v + u for all u,v € V

PrOOf (:>) Ngzo[ 4 g}p—yw DV e U @ Associativity in addition: u+ (v +w) = (u+v) + w for all u,v,w € V

(C) Existence of a neutral element, addition: There exists a vector 0 such that for any

veV, 0+v=v £ 0ER
7 (_,') (/{, 6 ‘ ; k (D) Additive inverse: For every v € V, there exists another vector, which we denote
[W( U, € [O‘” A —v, such that v+ (—v) = 0.
_
- (E) Existence of a neutral element, multiplication: For anyv € V, 1 xv=v
= [ 4tC0)- W=0wz=0v

Associativity in multiplication: Let a, 8 € F. For any v € V, (af)v = a(Bv)

+ (1) - w =
M’ + ( [) u 4 u (G) Let e € F,u,v e V. afu+v) = au+ av.
/\[M, Uv + C"‘) M’ é U (H) Let o, B e F,v € V. (a4 B)v = av + fv.
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Linear (in)dependence and bases J
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Linear combinations

Definit-ion

A’linear combination) of vectors vq, ..., v, of vectors in V'is a vector of the form

n
a1V1 + ... + apV, = E QN
k=1

e @f/wed’ O

where aq,...,am € F.
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Span

The set of all linear combinations of a list of vectors vi,...,v, in Vis called the
of vi,...,v,, denoted span{vy,...,v,}. In other words,

S1BRIN Tl coen Wlnly = 1@ 3 oo T @1l 3 Eily ooy @ € I )

The span of the empty list is defined to be {0}.

AAS

waw{,}(}/ e et rl)em{q_ﬁ,“‘,jm] s %mliacr;w. 7@ .
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] wee we M shw (D) ad (3) Mol
Basis

A system of vectors vy, ..., v, is called (for the vector space V) if any vector

v € V admits aepresentation as a linear combination

dhoe s ,7.,‘1,70 . [mam Comn bi oA tem-
V= Q1V] +. +Oznvn—zakvk 6—510%"'{"9' ;’7’7

R k=1 )
H—(’GM Lf K C
o For@ e1 = (1,0,...,0), & = (0,1,0,...,0), ..., en = (0,...,0,1) is a basis
® The monomials 1, x,x°, ..., x" form a basis for P,. psly rni of 7[&@1@%; 0f o{ag}wz N
Al l )

A AN
A

L
R olptdi X fdz X 1T S A"
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jv J, . - /mv' o(oszolﬂ‘ﬂ N
Linear independence 2 g0, G EauT =0 i '"ﬁ} 4

Qll"(ﬂ 0\1.#0 ’Vz" 042/&3:\/3 > V( ;S C //th Wl)hg‘i!n.

Definition
A system of vectors vi,...,v, in Vis called ﬂfr?ear/y independf@if

n
ZO&,‘V,‘ =0
[— :—I [ d , g‘ft
W - .

N P

implies a;j =0 for all i=1,...,n.

Otherwise, we call the system linearly dependent.

Linear combinations a1vi + ... + a,v, such that ay = 0 for every k are called trivial.

@
= Statistical Sciences
ﬁUNIVERSITY OF TORONTO

July 17, 2025 14 /36



Spanning set

Definition
A system of vectors vi,...,v, in Vs called(spanning)if any vector in V can be written
as a linear combination of vq,...,v,. In other words,

V = span{vi,...,vn}.

v

Such a system is also often called generating or complete. The next proposition relates
spanning and linearly independent to a basis.
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(1) ex; stenw 'ﬁo [inov comm birnation

2 il dp0 8 e Such Ve (e Seuiat i
Proposition
A system of vectors vi,...v, € Vs a(basis if and only if it is linearly independent and
spanning.
=
Proof. (=>) V,l-je_\// ﬁ com be writttn a8 a /W WW,MﬁQ 1]().

amal thve S aw17 ol vo,’9ve(\%~ta;1;m
‘fq\n{a.,m u,,f

. - ,
SD it Qmﬁ;m o SZf,Bu) Vi, "V OB Maw/7' m
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Proposition

..,Vp € V be spanning. Then vq,...,v, contains a basis.

S{)anm%: —V:glnomgﬁ,/.._ T [
§'{)Cm; th set {0«1/ /WIW oewéirtﬂflim

Let vy, .

Sketch of proof. {

— Ly = Ci-
/70 Ty € Ein o o e L
?L ya doy fox  Tiz & U{Uii
pea +his proets, e howe En gpqwigg
covdl Ly OuR AW e %ﬁ 2025 18 /36
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Definition
An [F-vector space V' is called finite dimensional

Otherwise, we call Winfinite dimensi@

if there exists a finite list of vectors
that span it, i.e. there exist n € N and vy, ...,v, € Vsuch that V= span{vy,...,v,}.

" o K

o " M,«n, P, are examples of finite dimensional vector spaces

® The F-vector space P = {>_7 ;aix : neN,a; € F,i=1,...,n} is infinite

dimensional.

# P

@
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Every finite dimensional vector space has a basis.

This follows from the fact that every spanning set for a vector space contains a basis.

) hawe o basis-

This can also be extended to infinite dimensional vector spaces, i.e. when we do not
assume that there exists a finite spanning set. However, this relies on the Axiom of
Choice and is beyond the scope of this course.

take (L, 7, a, -~ w,--—'j o¢ ou bosis ‘jzlip

Ccfl e Cem
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Proposition

Every linearly independent list of vectors in a finite-dimensional vector space can be
extended to a basis of the vector space.

Proof. (1 By be /Mw/7 ino(ePewoéa:a‘
-

[0’5 ,0’/ .~ 7}:; be o basis 74—‘[
S'?/'( Zu:{ﬁ"“-’i""}‘

Pro cedlure 1f g e Lo, Hhee B BUIUS
& ¢pon B thon & 7 Eo

Q@f% this T :JSM ond W 'gl'fn

show Lo (¢ o bas¥ jﬁﬁ
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Dimension

Let vi,...,v, and uq,...,u,,, be a basis for V. Thev@ J

The proof is omitted,. It relies on the fact that the number of elements in linearly
independent systems are always less than or equal to the number of elements in
spanning systems. .m<sn, NEP = wma.

Definition

Let V be a finite dimensional F-vector space. The number of elements in a basis of V
is called th@nd is denoted dim(V).

By the previous definition, the notion of dimension is well-defined.
—

@
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Dimension

o dim(F") = n
o dim(P,) = 7t
e dim{0} = D
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Linear maps
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Linear Maps

UV Tao., wel/

Definition

A maB\from a vector space U to a vector space Vis linear if

7~ =

[ U
T(au+ Bv) = aT(u)+ BT(v) foranyuve ¥, a,f€F

Notation/ L( U, V) Js the set of all linear maps from F-vector space U to [F-vector space
v -

@
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® Zeromap o: U ~> D(Q]@;mJbi OCg) =9 ¢V ﬂw?ﬁgz-/_

i ~——‘ —)G-
e Identity map Tol: V>T o&f}ml BJ 1d(7)=v -fw el

e Differentiation [) : P(/RD - PUR
d \

o —> m. xnA
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i (U = olim (V)

Suppose uy,...,u, is a basis for U and v1,...,v, is a basis for V. Then there exists a
@e linear map T : U — V such that Tuj=v; for j=1,...,n.

Proof in book.

Tha Set

Let S, T € L(U,V) and a € F. L(U, V) is a vector space with addition defined as the
sum(S + Tand multiplication as the product oT.

o= A=
The proof follows from properties of linear maps and vector spaces. Note that the

additive identity is the

Zer0  \K Ctor (S+T) () ﬁ) S+ ey

% Statistical Sci S ) u - u
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06U D6/

Let T € L(U, V). Then T(0) = a I

Proof. g weo Ou - 57 /'/‘9'*“7 ‘79
T C_?i>1 —[(5;(0“) = TCOu? -/-Tf@)
Ao, we v T 6V

;> TCC‘?&U) = 57/
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Null space and range

Let T: U— V be a linear transformation. We define the following important
subspaces: ;éw T Ev e\
® Kernel or null space: null T={u € U: Tu=1}
o Ejage: range T = {v € V: Ju € U such that v = Tu} m“]m%@ ij U andby
l )

The dimensions of these spaces are often called the following: Mnf

* Nullity: nullity(T) = dim(null( 7))
® Rank: rank(T) = dim(range(T))

e y
L U=V ,thm _
/ romk CT) ~+ MW”;?CT) - g@thVa?gecr))—(-a{Fw(/@fC/y
Gz = i CU)
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Proposition

Let T: U— V. The null space of T is a subspace of U and the range of T is a
subspace of V.

Proof. (i) the null space of T is a subspace of U R
\A -~
a) _(i L b T ot 8 Q/Md; froved Ay Jrre Loy lew ira St | CDw) = O

b) Dfoseo{ um{w/ a.oedh‘w (oA’ DL,T)\GIQ’J‘T , o [ =V =Dv

C) C[weo/ tndor Ceof ow M‘E;‘p[,’(‘h{fw.
b ¢ F, Ve krT
Thon T AU = ((V):

N RN b—; => &_’Js € kOA/‘CT)
@‘1 o) t) e Conc (nele L&W‘T (s &t S“Lﬁﬁ%,zoz v 30/36
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(ii) the range of T is a subspace of V
97 owfwuwm, W Ao mfe try ¢V

-\
,27 pW—VIM /WW/ (T(Du} So OU € mfo cCT)

b> Chﬁtbl- aold iiow LWL' V// 7/,' c yn,f@("z') _G_Ap//' Lo CRICH

u,,m S\t ()),I TCht? Vz-TCDt)
-
T Gt T T@ot 7 )= 7l @) € rape LT
o ¢ fpced - mw{fif?(icakb'n
[et dEHF, V g m?&e )
R S
9 w tU., £ V;TCM)
N S - w) E ro 7.
AV AT =T Bk 7{
’m D ISJtlziItIlS\tlllgi{lSSI?iInc((;; TORONTO & D
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Nt & come;ddens

Zero map from a vector space U to a vector space V- T Aiv (U) is Finite,
® The null spaceis T/ Al lorT) ~+ d,-w,(fa?p‘, )
® The range is {ﬁv? = Wim CT5) + bin ({Dyt)

2 Ji )

Differentiation map from P(R) to P(R):
® The null space is P, CR) o th Set 79 ad oostoacic

® The range is IP CR)
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—

[cV)

2+Y 2 Ta) #

Definition (Injective and surjective)

Let T: U— V. Tis injective if Tu= Tv mplies u=v and T is surjective if

A~
Vv € V, Ju € U such that v = Tu, i.e. im

&

T € L£(U,\) is injective if and only if null T = {0}.

ANN AN~

for T = {3

< T mops ed|  wome 2290 e e
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-

Proof. (:>) SU/anJre T,‘} [y,j',eu'm.

b T € ke T, Tho TE=0,=T
i ch weans v T 2§00 ]

Cma T (8 ij'mw, = _ 5,

—
=0

(<) Cuppoe for T =7 0wl )
(Lot _ﬁr,f&%U 2. {Ei,:[w
Than T CR-W)TE)~ [@) =00 =

N
P /CWT - {5-;?’ = 55—1?13% =2 W = U
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Theorem (Rank Nullity Theorem)

Let T: U— V be a linear transformation, where U and V are@nit_eﬂ_m/en@ector
spaces. Then

rank T + nullity T = dim U.

Proof in the lecture notes (pg. 35). g./. 0O: D>V

DR D=0y, Thn b T=TU

VC’7€, T = fﬁ,,,)—

[

— ! <
OZ non ( ka/v [ ) < a'é““( w
fjtlzt;%iﬂssxc;gn%; TORONTO 0{1[‘/' ( }’QA?,@ 7 ) 7

@
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