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Outline

® Adjoints, unitaries and orthogonal matrices

® Orthogonal decomposition

® Spectral theory
® Eigenvalues and eigenvectors

® Algebraic and geometric multiplicity of eigenvalues

® Matrix diagonalization
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Recall

Let V be an F-vector space. A function (-,-): V x V — F is called inner product on V
if the following holds:

©® (Conjugate) symmetry: (x,y) = (y,x) for all x,y € V, where a denotes the
complex conjugate for a €

® Linearity in thergument: (ax + By, z) = ax,z) + [(y, z) for all x,y,z € V
and o, B €F

© Positive definiteness: (x,x) > 0 and (x,x) = 0 if and only if x =10

A vector space equipped with an inner product is called an inner product space.
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Recall

Example

® Standard inner product on R™: (x,y) = >"" ; x;y; for x,y € R"

= 'KTX

® Standard inner product on C™: (x,y) = > ; x;y; for x,y € C"

= X
e On the space of polynomials P,(R): (p,q) = [, p(x)q(x)dx for p, q € P,(R)

Proposition
Let V be an inner product space. Then (- S Ml‘? 7 Tnsar  procutt IR

Diserex ver s o
[, )| < V(% %)y, y)

PR

Ovud s URAST(S

for all x,y € V.
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Proposition

Let V be an inner product space. Then (-,-) induces a norm on V via ||x|| = /(x,x)
for all x € V. —

Proof.

T neor P“"’W = e —> ot e
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Note: With this identification the Cauchy-Schwarz inequality can be restated as:
[(x,y)[ < [[x[[[ly]| for all x,y € V.

The norm introduced by the standard inner product on R” is the Euclidean distance.
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Adjoint

U:<’>U \/14'>V

Definition

Let U, V be inner product spaces and S: U — V be a linear map. The adjoint S* of S
~ A~

is the linear map S*: V — U defined such that

W

(Su,v>@: (u,S*v}@ forallue Uyve V.

Cu, v £ | u, Svel S- UV
e ve aﬂbffMWJ ﬂdjvh”‘ S
A Dires oneh g% e;oist?,

A : ¢
&
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Proposition
Let U, V be inner product spaces and S: U — V be a linear map. Then $* is unique

and linear.
owe hoth [owﬂr /'W’Mf-

Proof. /\ gsw~ T od T

-—

VvueU v el
< gfl-,V>v - <[L) -va>U gl'M{ Lo"l" T[ GV\JF

Tha, <. To-Tv2y =9 by [“”"‘7
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Ta Shw gje i Joner, e M#M
Olgj([/‘—rpg*th.

K (o v BV~
CSu, dv:r(eV’>—V—

oy ¥ Uy =

= 3L S uSyt B <Swhlv

—

aops gy KEUD FR<cuw, Khry_
T 3 uTE Q ﬁwﬁ wd
- LW, dg*vc-f’ PS*(/DU.. W]VW 5‘7')1/""?.1'7
Vo Vive 2y, ¥caVirPnrdd, = <u, o St @SV Drr
@7 tl= Umif}uwm e 've prowd , we  have
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Standard inner product on R™: (x,y) = >_7 ; xjy; for x,y € R”

Define S: R® — R? by Sx = (2x1 + x3, —x2). What is the adjoint operator S*? \

: - (3%, , -2, § )
X &R j s—w} 3 (me} " Q*J—(a"l o |
o o o (o7) I

(2 W"’XB)J’, —+ (- %) JL- )

MN\/WW

¢
= <x,S%y> - xT(s*p

(2K+%) 1)+ xL)J [2(7}\(, + ) ot (f0 ks

7\/
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gTalem{ Lwrer pf""(’“" : a'

Proposition

Let A € Mp,»n(F) be a matrix and Ta:F"— F™: x— Ax. Then,
where A* € My m(F) with (A*)j=Ajifori=1,...,nand j=1,..7;

In particular, if F = R, the adjoint of the matrix is given by its transpose,denoted AT,
and if F = C, it is given by its conjugate transpose, denoted A*.

>>A*: A—':F
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Proof for R: < T/-\ (x) , J> - < X, 7/5\)(6(7 5.

_ ) o (AR
T (0= AX = < [ACX),g )= < ‘A""X/(7> A J/
= )(TA%-

-z X, ATy) 2.
ATJ: Ta e

va ]l::@:, SW\-Q /‘X"L

®s .
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T vme = froms ()ose , OTDZ DDT: 1

A matrix O € M,,(Ql@ is called orthogonal if its inverse is given by its transpose, i.e.
O0'T0=00"=1.

A matrix U € M,(C) is called @if the inverse is given by the conjugate transpose,

e UU=UU =1 U*: p = T )
(,Wt _U_ be um’:'lari ) o M Inrr pwo[ux om0
[//- U*U =1

< Uy, ’U’J) = <x, U*U’i) = <% })

nom . exC .

2 U ches OMD"Q ntor [l

&
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® Let ¢ € [0,27]. Then

A= (S0 ) e

is an orthogonal matrix. What does it describe geometrically?  Ao+atwn. b) 4

® The following is a unitary matrix:

poa W (OF) s )0 )0, )
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Definition
Let A € M,(F). We call A elf-adjoindif A* = A. In the case F = R, such an A is
called symmetric and if F = C, such an A is called W

AXd S AT

2 Statistical Sciences
gjﬁ,UNIVERSITY OF TORONTO

July 22, 2025 16 /37



Orthogonality and Gram-Schmidt

yorm  dorived] ‘17%@ (avey prophwer

Definition
Two vectors x,y € V are called orthogonal if (x,y) = 0, denoted x L y. We call them
orthonormal if additionally the vectors are normalized, i.e. ||x|| = ||y|]| = 1. A basis

_orthonormal
X1,...,Xp of Vis called orthonormal basis (ONB), if the vectors are pairwise
orthogonal and normalized.

o

Zf w IR awdd € )

n
¢ (o, v, Lo ool <€.\yiq {fm ONP
A
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Proposition

., X, € V be orthonormal. Then the system of vectors is linearly independent.

Let xq,..

Proof. V;,g AL )? = < %, x0'>;o.
{ ‘7/1', (‘/)C-Hl - I\[<X1,Xi7 ';1

A Ssume %o\i/x&:U (If&i Mml*/m cn/u;;o
- ; ] 1).
-"/> /mM7 M(}(lf)eh
ﬁ'gkX’ % ak>
- 2 2 2
U~ <;:| /i o
- gy + = diey <M g
Y | 5
l
(™
R P P (U e
T 52
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Proposition (Orthogonal Decomposition)
Let x,y € V with y # 0. Then, there exist c € F and z € V such that x = cy + z with
y Lz

Given a basis, we can obtain an ONB from it using the Gram-Schmidt algorithm by
repeating this orthogonal decomposition. _

—

; = f_x;J,)— Z=%X-¢cf - S yp?
proof - Lo ¢ g / "
E o —C <yt

_ - C ~ <}7
e <q, 25 <f { ’
K - <)() )
= < %"<7’75: éY'?Q LS
Isjtif;%;gsslclign(g; TORONTO 7 - = <7,/ X> -
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Proposition (Gram-Schmidt Algorithm)

Let X1,...,X, € V be a system of linearly independent vectors. Define y; = x31/||x1]].
For i=2,...,n define ¥ inductively by === —
(' 1
yi = Xj = D1 (X0, YK) Yk
I — i—1 *
Ixi = > st (% Y Vel
Then the y1,...,y, are orthonormal and

span{xi,...,X,} = span{yi,...,¥n}

The proof is omitted but can be found in the book.
Twntuitim: Xewdiw*iﬂ "'f W}UM Pa/{‘
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Recall: connection between matrices and linear maps

,,Loj(’,m.

M axr X == /:Mar =7
Multiplication by a matrix defines a linear map

Let A € M,,«n be a fixed matrix. Then, we can define a linear map T4: F" — F™ via
Ta(v) = Av, where we recall matrix vector multiplication (Av); = >/ _; Aivx for
i=1,...,m.

fimar mrp = _Haarix

Given a bases for Uand V, T : U — V can be written as a matrix

Let T € L(U, V) where U and V are vector spaces. Let uy,...,u, and vi,...,vp, be
bases for U and V respectively. The matrix of T with respect to these bases is the
m x n matrix M(T) with entries Aj, i=1,...,m, j=1,...,n defined by

Tl.lk = Alkvl i Amkvm.

@
@ | Statistical Sciences
gEJUNIVERSITY OF TORONTO

July 22, 2025 21/37



Eigenvalues

[inpe wor ((motric ).

Definition
Given an operator A:(V — V
3 vector v € V\ {0} such that

nd A € IF, X\ is called an eigenvalue of A if there exists a

e

DPWTW
%
Av = )\v.
“ geafour -

We call such v an eigenvector of A with eigenvalue A\. We call the set of all
eigenvalues of A spectrum of A and denote it by o(A).

Motivation in terms of linear maps: Let T: V— V be a linear map, where V'is a vector
space. We would like to describe the action of this linear map in a particularly “nice”
way: such that T acts only by scaling, i.e. Tv; = A\v; where \; e F fori=1,...,n.
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i

Finding eigenvalues Acsunc A i Lingpr V““]’
ANANANA~—S

W

Note: here we will assume F = C, so that we are working on an algebraically closed

field.

7 Io[ewt;r«’ ope YB1or.
Rewrite Av = \v as (A -AL) v=0 & v¢ kor C A- Al)

Thus, if X\ is an eigenvalue, we can find the corresponding eigenvectors by finding
the null space of A — Al

The subspace null(A — \l) is called the eigenspace

To find the eigenvalues of A, one must find the scalars A such that null(A — )

contains non-trivial vectors (i.e. not 0) . e%&”w-jm (= A-AT s ust iferiie
Recall: We saw that T € L(U, V) is injective |f and lonly if null T = {0}.

Thus X is an elgenvalue if and only if A — Ml is not invertible. | focatt A-M 5 & 9,09"'*/

([
® Recall: |A| # 0 if and only if A is invertible. [ingsor W‘f et =)/
® Thus X is an eigenvalue if and only if A-AL s Swr)eeﬁve

@& -
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70&0«1 c’;fw vl 15 0 ob ¢Tras wvlCT*; Tis wverttblt (D

WO comegt (T l/ui‘rh o W\AIMLQ eriteria | T i ‘—"'3 et e
we

The following are equivalent
@ )\ € s an eigenvalue of A,
® (A — \)v =0 has a non-trivial solution, o ivesty ‘F‘W‘”

© [A-AX|=0. I New . AviXv = (/’\’9‘1/'17 =0 -
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Characteristic polynomial
-+t A .

[A—}\Il L1 e R viewed 05 o

Definition

If Ais an n x n matrix, pa(A) = |A — Al| is a polynomial of degree n called the
characteristic polynomial of A.

To find the eigenvectors of A, one needs to find the roots of the characteristic
polynomial.

To \{;M e'zdmava/fug, ha ;«wrf«o-f'.mi& [ ) }/4-0(:«:/0_

(7 fud XSy P

&
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Example

Find the eigenvalues of

-

[ Aext | , (‘;)\

S EPN
- X A=t = X-A 22 ® [ A= 2)(AH)
57 )\_-_ -(’ L
\/\/-\/\/\/v
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Multiplicity

ch) = O C ~l)@ f/\—f)@"

The multiplicity of the root X in the characteristic polynomial is called the algebraic
multiplicity of the eigenvalue A\. The dimension of the eigenspace null(A — \/) is called

the geometric multiplicity of the eigenvalue A. [

1

# bf letior  Coakoiss ¢y
ke basis efgwh s}wlast.
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Definition (Similar matrices)

Square matrices A and B are called similar)if there exists an invertible matrix S such

that NN nyn-

A=SBS!. (= ¢lAS=hH.

Similar matrices have the same characteristic polynomials and hence the same
eigenvalues (see exercise).
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Suppose A is a square matrix with distinct eigenvalues \1, ..., \,. Let vy,...,v, be
eigenvectors corresponding to these eigenvalues. Then v1,...,v, are linearly
independent.
Proof. Preve J77 ot iom.
o howe P2 Vi, HrVIETL
D net, we o M/T
: " DCQMT
W gmose U(/ cor Die y ave /IW/V l o[e’;en
@ [)M {Ul;‘ Ve vl(l Vk’*'l( ('S M%O /l‘Wiz/ (—MJTWD&A)‘ .
]z/-c—!
[ox = divizo ¢
el
Rl
2 B4 - = > difli=0 (>)
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Next, mdi«'p’\/ Mg o ()

kle 02'1 Ap-(-l Vizo (3D
12|
(1)
g\] “ C"M{ é A (A fet] — )\i} V20 . 4 )
2 ol C Akt - Xxi) Viw S

z
oy Vil Vo Ve 0% /ww// mlpe

= vz /-~k,.
Thas, oLl Aka A =0 A
AN

v by Mf“"’["H“’

B\{ adwot on

D oo, Y oasl, P
-
= ViV, V‘“]’myzz, 2025 30/37
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Anyn. |iw 1§ et WJ*:F["“ii,

Ifa A E@(C) has [m)distinct eigenvalues, then A is g[agona/izab/a. That is there

exists an invertible matrix S € M,(C) such that A = SDS5*, where D is a diagonal

matrix with the el\g\e/lzyc\a/ues of A in the diagonal. = sTAS=D

[ox Ui and Ai be %fwva/(ues ool ej/w/vem-a-rs Wf()-ﬁw/},’
(o4 g: (v Vo, = Vu) D 0(;7(:&1/ AN, Xg )

— N ——————— . .
¢ wverdible Sinu VLT owR /mﬂ/r/7 mall?wlbar,

/.\*S: C AUU Al A’U"‘) = (M Ve, ,)\mV"') ~ gl)

@
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Let A: V— V be an operator with n eigenvalues. A is diagonalizable if and only if for
-/A
each eigenvalue A, the geometric multiplicity of A and the algebraic multiplicity of A

are the same. Lol A=AL) |

[ S S /

P cr):

@
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Example: a diagonalizable matrix

2], |
A= [8 1] is diagonalizable.

_ [-» AQ—)J\—{—I —’(é = N /5
P/_\C)\) - q I_A
- 2T
W
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Example continued

v (ov§.
f@"‘ e [,f ) _ U) => 2)(7—04{ =~
N TS5, ( Q & ) (J - [0 <
U |
A - e }f%'/w“’“" (-2 )

AL <,q> > X) > = 2X€/.z_o

. o )
et o Ve o . (\ o
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Example continued

C-(. ,) = A-(s )
B T
N g cas= 22 T )lg )
D:—(OS> )- 8=, CP'%)( 1
(2.‘(‘?5’/0 Pt -1 7/]
3000

. D

1

N—
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Example: a matrix that is not diagonalizable

(/ PACO\) A~ [(1) ﬂ is not diagonalizable.

@ MXA»M&;( Mﬂp[?ﬂﬁ] # Xaolfrww((' A

PAS A ewva/w. /b F A

/> WOAViC @
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