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Recap

Learnt in last module:

® Discrete probability

> Classical probability
> Combinatorics
> Common discrete random variables

® Continuous probability
> Geometric probability
> Common continuous random variables

® Exponential family
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Outline

® Joint and marginal distributions

> Joint cumulative distribution function

> Independence of continuous random variables
e Conditional distribution
® Functions of random variables

> Convolutions
> Change of variables
> Order statistics
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Joint and marginal distributions
Random vector: joint behaviour of multivariate random variables
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Joint and marginal distributions
Random vector: joint behaviour of multivariate random variables

Joint cumulative distribution function

Consider a random vector (X1,X2,J. .., X4), the joint cumulative distribution function
of (Xl,XQ,...,Xd) is defined by:-ﬂ(' 0o, ¥ ) & /R,d

=y

Fx, X, x,(x1, X0, -+, xg) = P[X1 < x1, X2 < x0,...,Xg < Xql.

ol
= 7] P()(ff%')
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Joint and marginal distributions
Random vector: joint behaviour of multivariate random variables

Joint cumulative distribution function

Consider a random vector (X1, X, ..., Xy), the joint cumulative distribution function
of (X1, Xa,...,Xg) is defined by:

Fx, X, x,(x1, X0, -+, xg) = P[X1 < x1, X2 < x0,...,Xg < Xql.

Remark:
For discrete random vector, it suffices to find the joint probability mass function

pX1,...,Xn(X17 <o 7Xn) — P(Xl — X17X2 = X2, 7Xn — Xn)7 Xi € R7

and
]P)((X17 7Xn) S C) — Z pX1,...,Xn(X17"'7Xn)-

& (x1,-+-,xn)€C
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Joint and marginal distributions

Remark:
For continuous random vector, consider the joint probability density function.

Joint probability density function

8”FX1,“_’XH(X1, 500 ,Xn)

f oo n) — 3 i R
Xl,...,Xn(X17 y X ) 8x1 - 8)(” X; €
Similarly,
P((X].? T 7Xn) € C) = / fX1,...,Xn(X17 s 7Xn) XmdX2 T an-
(X1, ,xn)€C
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Joint and marginal distributions

Consider the special case of C where X, -+, Xi_1, Xj+1,--- , X, are allowed to take
any possible values:

® Discrete case

P(Xi=x) =P(Xi =xi, i € R,j £ 1) = > pxyx, (X1, Xn)-
Xj 71

® Continuous case

P(Xi < xi) = P(X; < x1, X €R,j # 1)

}E i (X7) —/ (/ / th X tl,... )dtl---dt,'_ldt,'_|_1---dtn) dt;.
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Joint and marginal distributions

Taking the derivative regarding x;, this gives us the marginal probability density
function.

Marginal probability density function

fX,(XI) :/ / le,...,X,,(le"' ’XI-,... 7Xn) XmdXI—ldXI+1an
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Joint and marginal distributions

Taking the derivative regarding x;, this gives us the marginal probability density
function.

Marginal probability density function

fX,(XI) :/ / le,...,X,,(le"' ’XI-,... 7Xn) XmdXI—ldXI+1an

Remark:
Marginal probability mass function (density function) of X; is obtained by summing
(integrating) the joint probability over all the other dimensions.
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Joint and marginal distributions

Example: Draws from an urn

Suppose each of two urns contains twice as many red balls as blue balls, and no others,
and suppose one ball is randomly selected from each urn, with the two draws
independent of each other. Let A and B be discrete random variables associated with
the outcomes of the draw from the first urn and second urn respectively. 1 represents a

draw of red ball, while O represents a draw of blue ball. )) 1., = _;,
A o. 1 1 0| P(B) C- P 3
s N S~ 1 |5 5| 3 B -
g / o | 0 |2 1 1
9 9 3
(A B) C(oio) (1) P(A) | 2 2 1

(tro) (1 : :
19 Téble: Joint and marginal pmf of draws from an urn
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Joint and marginal distributions

Examples: continuous case 7
Consider the joint probability density function ///// ,

F(x.y) kx for0<x<1l,0<y<1
X7 — .
Y 0 otherwise

Remark:

® Find k.
® Compute the marginal probability density function of X and Y.
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Joint and marginal distributions
1 focxecy]
Integrate to find the value of k
7[r><,r)(’(’07)‘—’ Kx, cexs<l, e<y<l
-~ S KX Liony 2" Loy ) ,
/:w f_?: K % . 1,0,,,%) " 1,0,,,c]) dach»/‘ = fa (/o’ fox o'y)a’J

)
- I
Marginal density = J ke 504y
+ o = .3
7[)<(,6) = /:w Zy' -Z(O")rx)'J(a,v)(j).d; __2/— = .Z /(:2

Il

!
2% ](0”)(')‘) /,, "/g = 25 Zra,.)")‘)
= ,} 2 ¥ o< X <)

_ L (%) (y)
7[>/ IJ) = //W 2% .Z/a»r) —llvn; dx o o 1herawrde

‘—W
1' OZyz)

O . othtrwise July 18, 2022 10/24
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Joint and marginal distributions

Recap: independence of random variables

Corollary of independence

If X1,---,X, are random variables, then X1, X5, --- , X,, are independent if

P(X1<x, -, Xp < %) = [ [ P(Xi < %)
i=1
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Joint and marginal distributions

Recap: independence of random variables
Corollary of independence
If X1,---,X, are random variables, then X7, X5,--- , X,, are independent if

n

P(X1 < x1,-+, Xn < xp) = [ [ P(Xi < xi)

i=1 |
Remark:
Suppose Xi, - -+, X, can only take values from {aj,-- -}, then Xj's are independent if
n
P(N{X; = ai}) = [ P(Xi = a)).
i=1
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Joint and marginal distributions

Remark:
This is equivalent to check whether the joint pmf is always the product of the

corresponding marginal pmf.

Generalize this to the continuous version:
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Joint and marginal distributions

Remark:
This is equivalent to check whether the joint pmf is always the product of the

corresponding marginal pmf.

Generalize this to the continuous version:

Independence of continuous random variables
Suppose Xi, -+, X, are continuous random variables, then X;'s are independent if

f(Xl,--- ,Xn)(X17X27 500 ,Xn) = H fX;(Xi)°
i—=1
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Conditional distribution

Remark:
Given joint and marginal distributions, consider the conditional behaviour:
P A B) = _pcAns) . peBs #0
pPre)
ﬁ rScrete.

Pl X=1] T=p) = Pllw:xiwizi} | )‘w:]’tw):OS)

g P(X:/, 7’:9) /7( 7/;0) ?a
PC Y=o
(anﬁ"nup“‘“ )/ ) -fr ’j))o'
P =z 0
P(X—‘//J’;a)___ (X:l/f:o) n
i 4 ’ X g P[ r = o) =
%T‘S‘{{S‘g}%}) e /’/a;/a;»}a/; rule. o
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Conditional distribution

Remark:
Given joint and marginal distributions, consider the conditional behaviour:

Conditional distribution

For random variables X and Y, the conditional distribution of Y given X = x is
defined by

® Discrete case

px.v(x,y)

pY|X=X(.y) - ]P(Y =Y | X = X) - PX(X)

® Continuous case
fX,Y(X7 y)

fY|X(y ‘ X) — fX(X)
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Conditional distribution

Remark:
Another look at independence:

® Discrete case:
X and Y are independent

& pyix=x(y) =pv(y), Yx,y

<~ pX,Y(Xay) — PX(X)PY()/), \V/X,y.

e Continuous case:
X and Y are independent
& fyix(y | x) =fy(y), Vx,y
~ fX,Y(va) = fX(X)fY(y)7 \V/X,y.

Eoo
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Functions of random variables

Suppose we know the joint distribution of (X, Y'), what is the distribution of

Z=X+Y?
® Discrete case

P(Z=z)= Y PX=xY=y)
X+y=z
® Continuous case

P(Z<z)= / fx,v (x,y) dxdy
x+y<z

Remark:
This can be simplified in the independent case.
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Functions of random variables

Convolutions of independent random variables

Suppose X and Y are independent, then for Z =X+ Y,
P(Z:g)._.i?()(:)‘;f:j)

® Discrete case

o0 )(+J:_Z-

P(Z=z)= Y PX=KP(Y=z—k). ..o
k=—o00 = 2 Pl x=k, & Z2k)

K=_uo

® (Continuous case
o0

= = _ o A
fz(z) = / fx(X) fy(Z—X) dx /E-w/’ 0 k)F(f :

— o0

< _ _ sy ) d xd
P(Z_zﬂ//lz(e)_ /Hgfz,x,r)”‘j ok’
- t
= /—pw(j’@fxzy)fr,j)a/d_) d x
?’; UNIVERSITY OF * Aa “/\/_’w/ _
¥ TORONTO 7%(&) ://M fx,y) 747 (2-%) d »

Sketch of proof:
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Functions of random variables

Consider a function of random variable, and try to obtain the corresponding
distribution function. p

vecfor . - //e”q/e”
Multivariate change-of-variables formula

Suppose X is an n-dimensional random variable with joint density fx(x). If Y = H(X),
where H is a bijective, differentiable function, then Y has density gy(y):

X=H'"ty)
zy]

_ dH=1(z
gly) = F(H(y) i
with the differential regarded as the Jacobian of H(:), evaluated at y.

det iz
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Functions of random variables

&

Consider a function of random variable, and try to obtain the corresponding
distribution function.

Multivariate change-of-variables formula

Suppose X is an n-dimensional random variable with joint density fx(x). If Y = H(X),
where H is a bijective, differentiable function, then Y has density gy(y):

y

with the differential regarded as the Jacobian of H(-), evaluated at y.

dH=1(z)

det i

gly) = f(H_l(y))

Remark:
Bijective property is important.
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Functions of random variables

X — X (‘f'); (H‘(x.,)(,))
)(e(alba) 7()41)()}9, 0(’(‘[)0 7/; /-/), (Xl;Xz)
Special case of 2-dimensional vectors X1 ) — ) )

)4
2-dimensional change-of-variables formula

Suppose X = (X1, X2) with joint density fx, x,(x1,x2). If Y1 = Hi1(X1,X2), #: ® =
Y> = Hp(X1, X2), where H is a bijective, differentiable function, then Y = (Y7, Y2) has
density gy (y1, y2): s2p = [0 Foie) | - Z = il e

X2 = KON, 1 ‘

OHy ' OHy'  OH;' OHy!
— fi, x, (H ! Hy* e " a e |
g(y1:y2) = i, (Hy~(v1,52), Hy (1, v2)) dy1  Oyn Ay O

v

X T' = X'
Remark: (X ) ( x,) X, € (— v, + w2) r = 'x"-pr:,
. - - e T> = e™ co +e2) x

e & = 4rcecoS ——

X ~ /X +y?
X = IrNcos @
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Functions of random variables

Remark:

Every continuous bijective function from R to R is strictly monotonic.
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Functions of random variables

Remark:
Every continuous bijective function from R to R is strictly monotonic.

Special case of 1-dimensional random variable: generalize to monotonic
functions

Univariate change-of-variables formula

Let g: R — R be a}\monotonic function on the support of fx(x), then for Y = g(X),
the density is: ctpret!

fr(y) = fx (g7 (y))

da
dy

(g_l(y))‘ -
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Functions of random variables

Proof of univariate change-of-variable formula:

Y= f(’(). g - /el monvfenscal /'ncfeﬂy. ;’/~ ;5 also /
Fy 1) = Pl Y )= pl ;zx)s])

i

pL X =37ty)
T FxtgTp)

ff’ﬂ-—yf/: 97 )
ERE AR R A
J - SECHY  monefenrcally  olecreasny 770 _o;ij 77y <o
Frip= pegesy) =plixz37p)
=T Fe 2 T)
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Functions of random variables

Order statistics:
For random variables X3, Xa, -+, X, the order statistics are X(1) < Xo) < -+ X().

Cumulative distribution functions of order statistics

Consider the case where X;'s are independent identically distributed (i.i.d.) samples
with cumulative distribution Fx(x), then the CDF of X|,) satisfies

n

Fr, () =3 (j) FxCOVTL = Fx (1",

j=r
the corresponding probability density function is

nl

(r— 1)!(.n —r)!

fxin(x) = fx () [Fx ()] L = Fx ()]

&5
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July 18, 2022 21 /24



Functions of random variables

. n N
Special cases of X(;) and X: Pl Vo Xyex) = T PlXr< %) = {/c)" ,,4))
=)

FX(,,)(X) = P(max{ X1,..., Xp } < x) =[Fx(x)]",
Fxqy(x) =P(min{ X1,..., Xp } <x) =1—[1 - Fx(x)]".

Remark: T = p(mint > %)
For continuous random variable, taking derivatives to obtain the probability density
function. _
= PC Vv, Xr>x)
_ n
T = T () - Ly
;=) Fx’ )
& TORONTO =/ = (v = F )"
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Problem Set

Problem 1: Show that the probability density function of normal distribution N(zu, o?)
integrates to 1.
(Hint: consider two normal random variables X, Y)

Problem 2: Prove that for X with density function fx(x), the density function of
y=X?is
1
= 5=x(=vy)+x(Vy)), y=0.
5 (V) + (7))

(Hint: start by considering the CDF)

fy(y)
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Problem Set

Problem 3: Suppose Xj, -, X, are i.i.d. sample following Uniform|[0, 1] distribution,
find the joint probability density function of (X(1), X(n))-
(Hint: start by considering the CDF)
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