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Recap

Learnt in last module:

e Convergence of functions of random variables
> Slutsky's theorem
> Continuous mapping theorem

® |aws of large numbers

> WLLN
> SLLN
> Glivenko-Cantelli theorem

e Central limit theorem
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Outline

® Limit Theorems and Counterexamples

> Law of Large Numbers

> Monotone Convergence Theorem
> Dominated Convergence Theorem
> More about CLT
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Limit Theorems and Counterexamples pfequeble .
Recall: For the law of large numbers to hold, the assumption E|X| < oo is crucial.

Law of Large Numbers fail for infinite mean i.i.d. random variables

If X1Xa,... arei.id. to X with E|Xj| = oo, then for S, = X1 + -+ + X,
P(limp—yo0 Sn/n € (—00,00)) = 0.

Proof: Omitted
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Limit Theorems and Counterexamples

Monotone Convergence Theorem

If X, > cand X, 7 X, then EX, /' EX

Usage: (4 Y. Lo P (%) <7 < [~ (%0
R O N S

L

Lv'l( §h: f X(\ . mf/"' i\ 'S "ﬂ‘kaﬁ'« ‘\vC)'E\SD/ S At KZ O__

C=

-

A (‘1") {14 )/O i N
= ( 7 H R
[ v dber o Snt 2 T 5 7 c Tt
L‘vl
TL—LV\ F"‘« V7 2 Z i :
? UNIVERSITY OF iL‘ / 5 : /g-
& TORONTO ~~

rv. July 28, 2023 5/9



pb E{'\,, —7 Ef?
{L ;? 0) ﬁ\—. /5 Y Wt (Canm e ﬂ< Mam‘r/ike Qomvery as M«aym,_

_//‘) [ sn E))»\ = Ej
L e \



Limit Theorems and Counterexamples

Monotone Conve

rgence Theorem

If X, >0%nd X, * X, then EX, ~* EX

Counterexample when X, is not lower bounded: X.= 0
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Limit Theorems and Counterexamples C(l L2

Dominated Convergence Theorem

If X, — X a.s. and |X,| < Ya.s. for all nand Yis integrable, then EX, — EX
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Limit Theorems and Counterexamples

Dominated Convergence Theorem
If X, — X a.s. and |X,| < Ya.s. for all nand Yis integrable, then EX, — EX

Counterexample when X, is not dominated by an integrable random variable:
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Limit Theorems and Counterexamples
More about CLT: Delta method

Suppose X, are i.i.d. random variables with EX,, = 0, VAR(X,,) = 0> > 0. Let g be a
measurable function that is differentiable at 0 with g’(0) # 0. Then
- T T ——

vi(s <Zk—xk) £0)) ) - NO.o%/(0)  wesky

N~

Proof under stronger assumption: Here, we suppose g is continuously
differentiable on R. If you are interested in a general proof refer to Robert Keener's
heoretical Statistics.
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