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Recap

Learnt in last module:

• Stochastic convergence
! Convergence in distribution
! Convergence in probability
! Convergence almost surely
! Convergence in Lp

! Relationship between convergences
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For all of those,
their converse fails.



Outline

• Relationship between convergences and counterexamples
! Monotonicity of Lp Convergence
! Lp convergence implies Convergence in Probability
! a.s. Convergence implies Convergence in Probability
! Convergence in Probability implies Convergence in distribution
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Relationship between convergences and counterexamples
Recall: A random variable X ∈ Lp if ‖X‖Lp = (E|X|p)1/p < ∞.

Xn → X in Lp if limn→∞ ‖Xn − X‖Lp = 0

Monotonicity of Lp Convergence
If q > p > 0, Lq convergence implies Lp convergence

Proof:
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suppos Xn+ X in
297the EIX-x)8+0 ascutre

By Jensen's inequality with ec):1x1* ( couver when 93P>0S,

E(x-x19 =Ellyn-XIP,* (EIX-X/B)
. EIX= (EI)- 0.



Relationship between convergences and counterexamples
Recall: A random variable X ∈ Lp if ‖X‖Lp = (E|X|p)1/p < ∞.

Xn → X in Lp if limn→∞ ‖Xn − X‖Lp = 0

Monotonicity of Lp Convergence
If q > p > 0, Lq convergence implies Lp convergence

Counterexample to the Converse:
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Let I(X, =xi) =5 =1 - P(X,=0).

Then EIX:eaP-1 EIXal =m49-1

Then if we choose a situ as
I
/

we has EIXn*-0 While EIXul+0
E

that meas XutO inCP but XntO inL fail



Relationship between convergences and counterexamples
Recall: Xn converges to X in probability if for any ε > 0 limn→∞ P(|Xn − X| > ε) = 0.

Lp convergence implies Convergence in Probability
If Xn → X in Lp, then Xn → X in probability.

Proof:
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name
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By Markov inequality,

IP((x-x xq) =P((X- x)P > 2P) =GE(Xn-XIP- O
nee

by Xu+Y in LPX



Relationship between convergences and counterexamples
Recall: Xn converges to X in probability if for any ε > 0 limn→∞ P(|Xn − X| > ε) = 0.

Lp convergence implies Convergence in Probability
If Xn → X in Lp, then Xn → X in probability.

Counterexample to the Converse:
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IP(X =x) =5 =1 - IP(X, =0)

IP) (kn-015):isfar sufficiently large M.

Here lin I(/-0K2) =0 for my 330.
m+

Thatmeans at0 in probability.



However, E/X-OP:<m". +0 =1 -0

So, Xu does notconverge in LP

X



Relationship between convergences and counterexamples
Recall: Xn converges to X in probability if for any ε > 0 limn→∞ P(|Xn − X| > ε) = 0.

a.s. Convergence implies Convergence in Probability
If Xn → X almost surely, then Xn → X in probability.

Proof:
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Xu+X almostsunly implies tht

for taco, almostsurely, 1X2-x/33 for finitely many er

-nee

(same as 1-x/29 for sufficiently larger).

i.e. I) (n-x/99 for infinitely manym)
=0 SorYE>0.



Nate that

in(P)(Xn-xK3) = IP((X,-x1>5 far infinited many m.)

=O

.IIP((X-xKa.)
=0

X

Ihm For Xu, X, the following are equivalent.

is Xu-Xis probability

in For any subsequence of [X33, we can find further

subsequence that converges to X(.9.



Relationship between convergences and counterexamples
Recall: Xn converges to X in probability if for any ε > 0 limn→∞ P(|Xn − X| > ε) = 0.

a.s. Convergence implies Convergence in Probability
If Xn → X almost surely, then Xn → X in probability.

Counterexample to the Converse:
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Let2: (0,1), F=B(2) Bores) sets., Pan of by uniform measure.

i.e. IP(ea,bs) = b-a.
it 0<9Cb<!

Defin Xam(m): 91
ifwe (m, *Y

0 =m =n - 1

0 otherwise.



Thismakes IP (Xx, m =1) == =1- P(Xn,m).

So, Xuim -> 0 in prehability as

m+0

Butfor each we (0,1).

In, m 190) =1 for infinitely many M,M.

Thatmess Xu,m does notconverge to 0

for any point on 1.



Relationship between convergences and counterexamples
Recall: Xn converges to X in distribution if for any continuity point x of P(X ≤ x),
limn→∞ P(Xn ≤ x) = P(X ≤ x) holds.

Convergence in Probability implies Convergence in Distribution
If Xn → X in probability, then Xn → X in distribution.

Proof:
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Relationship between convergences and counterexamples
Recall: Xn converges to X in distribution if for any continuity point x of P(X ≤ x),
limn→∞ P(Xn ≤ x) = P(X ≤ x) holds.

Convergence in Probability implies Convergence in Distribution
If Xn → X in probability, then Xn → X in distribution.

Counterexample to the Converse:
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Lut Xe symmetric Bernoulli(I)

i.e. IP(X= 11):E.

Defie Xn=(-1)*X

Then Xu =

a Xfor any
es since -X

=

aX



that meas Xu +Xin distribution.

However, for any odd n,

I (X = x) = 1 Sina Xn= -X*X

therefor, Xn does notconverge to Xin probability-
constat

↓

#If Xn-> C in distribution, then

Xa +C in probability.

for. Ifthe limitis constant, convergence in probability

and convergence in distribution are equivalent.



Relationship between convergences and counterexamples
Recall: Xn converges to X in distribution if for any continuity point x of P(X ≤ x),
limn→∞ P(Xn ≤ x) = P(X ≤ x) holds.

Convergence in Probability implies Convergence in Distribution
If Xn → X in probability, then Xn → X in distribution.

Special case when the Converse holds:
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