
Problem 1

Let

fX,Y (x, y) =

{
2 0 ≤ y ≤ x ≤ 1

0 otherwise
,

compute Cov(X,Y ).

Solution:

Proof. First compute the marginal density of X and Y by taking the integration, we have

fX(x) = 2x, 0 ≤ x ≤ 1,

fY (y) = 2(1− y), 0 ≤ y ≤ 1.

■

Then E(X) = 2
3 , E(Y ) = 1

3 , and

E(XY ) =

∫
R2

xyfX,Y (x, y) dxdy

=

∫ 1

0

(

∫ x

0

2xy dy) dx

=
1

4
.

Therefore, Cov(X,Y ) = E(XY )− E(X)E(Y ) = 1
36 .

Problem 2

For X ∼ N (0, 1), compute the Chernoff bound.

Solution:

Proof. Based on Problem 3 in Module 5, the MGF of X is

MX(t) = E(etX) = e
t2

2 .

Therefore, for t ≥ 0, the Chernoff bound is

P(X ≥ a) ≤ inf
t≥0

MX(t)

eta
= inf

t≥0
e

t2

2 −at = e−
a2

2 · inf
t≥0

e
1
2 (t−a)2

Specifically, for a > 0,

P(X ≥ a) ≤ e−
a2

2 ,

and by symmetry,

P(|X| ≥ a) ≤ 2e−
a2

2 .

■


