Problem 1

Prove that on a complete probability space, if X,, —= X,¥;,, =5 Y, then X,, +Y,, =% X + VY.

Solution:

Proof. Denote Q1 = {w : lim, 00 Xp(w) # X(w)}, and Qo = {w : lim, 0 Yn(w) # Y(w)}, then by
almost sure convergence, we have
P(Q;) =P(Q2) = 0.

Considering w € Qf N QS, we must have lim, o X, (w) + Y, (w) = X (w) + Y (w), so
P({w: I Xa()+ Ya(w) # X(@) + Y(@)) =1~ P({w: lm Xo(@)+ ¥a(w) = X(@) +Y(@)})

<1-PQSNQY)
=P(Q; UQy)

< P() + P()
=0

Thus, P({w : limy, 00 Xn(w) + Y, (w) # X(w) + Y (w)}) = 0. The conclusion follows. [ |

Problem 2

Prove that on a complete probability space, if X, Ei X, Y, i Y, then X,, +Y, P x +Y.

Solution:
Proof. For € > 0, consider

P(X, +Y,—(X+Y)|>e) <P X - Xu|+|Y =Y,| >¢)
<P(IX = Xu|>¢/2)+ P(|Y = Yo| >e/2),

the result follows immediately by the convergence of probability of X,, and Y,,. |

Problem 3

A bank teller serves customers standing in the queue one by one. Suppose that the service time X; for
customer ¢ has mean E(X;) = 2 (minutes) and Var(X;) = 1. We assume that service times for different
bank customers are independent. Let Y be the total time the bank teller spends serving 50 customers. Find
P(90 < Y < 110).

Solution:




Proof. Since Y = Z?il X;, n =50 is considered to be sufficiently large, then by CLT,

Y —100 4 .
——— — Z = N(0,1), approximately.
V50 (0,1),app y

Therefore

90—-100 Y —100 110-100
POO<Y <110)=P < <
( ) ( v50 V50 V50 )
~ P (—\@ <Z< \@)

= (.8427.
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