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Roadmap

A bridge connecting undergraduate probability and graduate probability

Undergraduate-level probability
e Concrete;
® Examples and scenarios;

® Rely on computation...
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Roadmap

A bridge connecting undergraduate probability and graduate probability

Undergraduate-level probability
e Concrete;
® Examples and scenarios;

® Rely on computation...

Graduate-level probability
® Abstract (measure theory);

® | aws and properties;

® Rely on construction and inference...
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Roadmap

Moments

Random Variable
Distribution Functions (A function)

Series of Random Variables

tional and Joint Probability

Figure: Roadmap
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Outline

® Measurable spaces

> Sample Space T 0'(

> o-algebra 4 “‘7
® Probability measures

> Measures on o-field
> Basic results

e Conditional probability q
> Bayes' rule ) TO by oV O

> Law of total probability
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Measurable spaces

Sample Space
The sample space Q2 is the set of all possible outcomes of an experiment.

Examples:
® Toss a coin: {H, T} = (|
® Roll a die: {1,2,3,4,5,6} = S
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Measurable spaces

Sample Space
The sample space Q2 is the set of all possible outcomes of an experiment.

Examples:
e Toss a coin: {H, T} = Q
® Roll a die: {1,2,3,4,5,6} - §)

An event is a collection of possible outcomes Q@E@f the sample space).

Examples:
® Get head when tossing a coin: {H} < (]
® Get an even number when rolling a die: {2,4,6} ¢ ()
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Measurable spaces

o-algebra

A o-algebra (o-field) F on Q is a non-empty collection of subsets of Q such that
(Do lfAcF, then A€ F, —  coplbot 5 oleo sn B

dve If A, A, - € F, then U A; € F. — Conndeble  wion ¢ clso sm
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Probability measures

Measures on o-field

A function p : F — RT U {+o0} is called a measure if

* w@) =0,
o [f Aj,Ay,--- € Fand A;N Aj = &, then M(U(i)ilAi) = Z,Oil ,u(A,-).
—rhfe = T T PANI=LT T Lai=l P
If_,u/(_fz)/:_L then p is called a probability measure. Combbbe  oklifid,
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Probability measures

Measures on o-field

A function p : F — RT U {+o0} is called a measure if
Ac mest be v(rfjof»_f

* u©@)=0,
o [f Al Ay, --- € F an@then M(U(i)ilAi) = Z,Oil ,u(A,-).

If ©(2) =1, then p is called a probability measure.

Properties:
® Monotonicity: ACB = u(A) < u(B)
e Subadditivity: A C U2, A = u(A) <32 pu(Ai)  waden bosd i [""’L‘H"J?
e Continuity from below: A; A = u(A;) ~ u(A)
e Continuity from above: A; N\, A and p(A;)) <oco = pu(Ai) \( 1(A)
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Probability measures
Proof of continuity from below: A, /\ A -
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Probability measures AN A &2 ADADAID - y ﬂ A= rL\\

Proof of continuity from above: 8\ _ A _ /A . .
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Remark: i(A;) < oo is vital.
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Probability measures

Examples:

(‘auunf'o“.< oJa(,”/'M"¢7 .
g{rgcr-\f"{ @ge
Q= {(,U1,CU2, T }v A= {wau

s Wajy t e }é):u’(A) = Zj)il ,u(waj).
erefore, we only need to define i{w;) = p; > 0.
If further 22, pj = 1, then p is a probability measure.
® Toss a coin:

De e \@Q’U‘ lOCT): é i (L{ﬁ (P 5 «a pr(%L.‘Jy M ESute
® Roll a die:

PO = P): —-- =)= +
T/l«\*(v\
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Conditional probability

Original problem:
® What is the probability of some event A?
® P(A) is determined by our probability measure.

New problem:
® Given that B happens, what is the probability of some event A?
e P(A| B) is the conditional probability of the event A given B.
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Conditional probability

Original problem:
® What is the probability of some event A?
® P(A) is determined by our probability measure.

New problem:
® Given that B happens, what is the probability of some event A?
e P(A| B) is the conditional probability of the event A given B.

Example:
® Roll a die: P({2} | even number)

& TORONTO
July 8, 2025

11/14



Conditional probability

Bayes' rule

P(A| B) = P(B) >0

Remark: Does conditional probability P(- | B) satisfy the axioms of a probability

measure?
Censg) 0O
S - - = 0 o el
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- W( 6’4( (G) < lP( @AC)/‘B‘)A [[P E/ (A NR) ) ol
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Conditional probability

Multiplication rule
P(ANB) = P(A | BYP(B) = P(B | A)P(A)

Generalization: B“‘?‘ﬁ) rule H)( A (F)) MMA_’)

Law of total probability

Let A1, Ag, -+, A, be a partition of &, such that P(A;) > 0, then
QO

ZP P(B| A

/(\

)= w )
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Problem Set

Problem 1: Prove that for a o-field F, if Ay, Az, --- € F, then N2, A; € F.
Problem 2: Prove monotonicity and subadditivity of measure i on o-field.

Problem 3: (Monty Hall problem) Suppose you're on a game show, and you're given
the choice of three doors: Behind one door is a car; behind the others, goats. You pick
a door, say No. 1, and the host, who knows what’s behind the doors, opens another
door, say No. 3, which has a goat. He then says to you, " Do you want to pick door
No. 27" Is it to your advantage to switch your choice?

(Assumptions: the host will not open the door we picked and the host will only open
the door which has a goat.)
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