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Recap

Learnt in last module:

e Covariance
> Covariance as an inner product
> Correlation
> Cauchy-Schwarz inequality
> Uncorrelatedness and Independence

e Concentration

> Markov's inequality
> Chebyshev's inequality
> Chernoff bounds
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Outline

® Stochastic convergence

> Convergence in distribution
Convergence in probability
Convergence almost surely
Convergence in LP

>
>
>
> Relationship between convergences
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Stochastic Convergence

Recall: Convergence

Convergence of a sequence of numbers

A sequence aj, ap, - -+ converges to a limit a if
lim a, = a.
n—oo

That is, for any € > 0, there exists an N(¢) such that

lan —a| <€, ¥n> N(e).

fr a., 2> W(C)
Cn  stys witbn € Erom &
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Stochastic Convergence

Recall: Convergence

Convergence of a sequence of numbers

A sequence aj, ap, - -+ converges to a limit a if

lim a, = a.
n—oo

|
That is, for any € > 0, there exists an N(e) such that 7 3
lap —a| <€, Vn> M
Example: a, = 1 , Ve > 0, take N(e :.@or n> N(e),= }’%7
=0 2 4 N £
—0|‘<e I|m a, =0. W< r{1 =

[
J_ _,__S
I4 r—__{-l‘s
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Stochastic Convergence

1 [ T —— an = 1
a= 0n
0.8 | -
0.6 | @ Capture the property of a series as
) n — oo;
0.4 | @ The limit is something where the
series concentrate for large n;
021 | ® |a, — a| quantifies the closeness of the
“series’and the limit. ~ ~—
- _ —_—— —————
O L |
1 10 20 40 50 100
n
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Stochastic Convergence

Observation: closeness of random variables

Sample mean of i.i.d. random variables

For i.i.d. random variables X;,i = 1,--- , n with E(X;) = u, Var(X;) = o2, then for the
sample mean X = 137 | X,

2
E(X) = p, wm@:%;

S b -
Proof: gk = (E(é\ i:&%):%t;'@%:fw\i/m— N

C
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\favaz): IECT(’/A)?: lE(%\é‘_fx(W)
:@[ééCm—)]}
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Stochastic Convergence

Example:
. . . . . . = 2

Further suppose X;,i = 1,---,niid. with distribution N(p, 02), then X ~ N (u, %),

so we can draw the probability density ptetof X——

Ek = m
Viele): 5
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Stochastic Convergence
Example:

Further suppose X;j,i = 1,---,ni.i.d. with distribution A'(u,o?), then X ~ N (u, %2)

so we can draw the probability density plot of X.

type

x1
x5
— xi00

Figure: Probability density curve of sample mean of normal distribution
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Stochastic Convergence

Intuition:
® Series of numbers a, =  Series of random variables Xj,;
® Limita = Limit X;
® How to quantify the closeness? (|.X, — X|?)
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Stochastic Convergence

Intuition:
® Series of numbers a, =  Series of random variables Xj,;
® Limita = Limit X;
® How to quantify the closeness? (|.X, — X|?)

Pointwise convergence / Sure convergence

Suppose random variables X, and X are defined over the same probability space, then

we say X, converges to X pointwise if
N~

lim X,(w) = X(w), Yw € Q.

n—o0
O

Con wet gence (xwld; et (Qc[fl /70/‘»;'( w
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Stochastic Convergence

Intuition:
® Series of numbers a, =  Series of random variables Xj,;

® Limita = Limit X;
® How to quantify the closeness? (|.X, — X|?)

Pointwise convergence / Sure convergence
Suppose random variables X, and X are defined over the same probability space, then

we say X, converges to X pointwise if

lim X,(w) = X(w), Yw € Q.

n—o0

Remark:
Incorporate probability measure in some sense.
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Stochastic Convergence

Alternatives of describing the closeness:
e Utilize CDF: Fx,(x) — Fx(x);
e Utilize probability of an event: P(| X, — X| > ¢);
e Utilize the probability over all w: P(lim,_00 Xn(w) = X(w));

e Utilize mean/moments: E|X, — X|P.
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Stochastic Convergence Quendif,  closaess b, CUF

Convergence in distribution

A sequence Xi, X, - -+ of real-valued random variables is said to converge in
distribution, or converge weakly to a random variable X if
h/' ~—~————

lim F,(x) = F(x),

n—o0

for every number x € R at which F(-) is continuous. Here, F,(-) and F(-) are the

cumulative distribution functions o therrandom variables X, and X, respectively.

Notgtion: - &3 COF & riphl  covtinuous
Xo =X, Xo =X, X,=X. ~ WF ha  of mest  countoble

As (=n+/\*lw;i‘1\'€5
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Stochastic Convergence

Convergence in distribution

A sequence Xi, X, - -+ of real-valued random variables is said to converge in
distribution, or converge weakly to a random variable X if

lim F,(x) = F(x),

n—o0

for every number x € R at which F(-) is continuous. Here, F,(-) and F(-) are the
cumulative distribution functions of the random variables X,, and X, respectively.

Notation:
)C7£5,X, )C]ZL‘X, %;::>Xﬂ

Remark:

X, and X do not need to be defined on the same probability space.

%
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Stochastic Convergence

Example:
Let X, = Z + 1, where Z ~ N(0,1), then
~
e X, % 7, Framdvr -
e X, % 7,

e X, LY, Y ~N(O,1).
Proof:

FCtés) b (Xu g 2 ) =

o Fy Cx- ) Q) foCl) b cndethef O Feof

e werma | divhrbadive,

T e

n( 2k x)= pl2s 1-w)= Fa(x2)
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F(eéa)= - = P(22x7) ) e 2o

7 emzfiie

= P 2z -Cr-3))
= P(-2¢ x—4)
= By C-x) — o)
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Stochastic Convergence

{wmffﬁ; fle cAsseness asrg- [Qrat)klh‘[?l;

[N eranT

Convergence in probability

A sequence X, of random-vdriables converges in probability towards the random
variable X if for all € > 0,

A~

lim P(|X, — X| > ¢) = 0.

n—00
/I\
CV\MT who< ¥»\ a-Ad \(W?Ffﬂ’ﬁ a.f_ ((uf

&

Notation: X, LN X, X £> X.

Remark:
X, and X need to be defined on the same probability space:

Prbebh, of T ok ¥ differs
— 0

&
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Stochastic Convergence
Examples:

® Let X, =Z+ <+, where Z ~ N(0,1), then X, LNy 4

Proof: g0 lP((Yv%bz): p(dse)= {
[ s L;; [’PC(K\*Q( >C,):

® Let X, =Z+Y,, where Z ~ N(0,1), E(|Ya|) =
Proof: f YC70.

fP( (a-
l}7 é“/} NAL

then Xn ﬂ) Z.

e
@ ity or
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Stochastic convergence

V‘tly Gl [w % P‘J"“\{‘Mk Cohvergoni,

Convergence almost surely

A sequence X,, of randam-—variables converges almost surely or almost everywhere or

with probability 1 or strongly towards X means that
IP’( lim X,,:X> :P(weQ: lim Xn(w):X(w)) =1
n—o0 n—o0 A___
7
. a.s. \/
Notation: X, — X. (o =X wddh /)rnlna(vﬂyi
AN
Remark: LJ/

X, and X need to be defined on the same probability space. [i ¥ A X L L “50
W ¥, ) [ obebit

. Convorge G5, allows (¥ % X Lt prebabrbb O
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Stochastic convergence
Examples:
® Let X, =Z + %, where Z ~ N(0,1), then X, 2= Z.
Proof: This 8 achelly pastise  convenens

for o W e<L. [*\«« Ylu) = L‘)A; (g(u) -f%‘)

—to
= 2wWw)
® Let X, = Z + Yy, where Z ~ N(0,1), E(|Ya|) = % do we have X, 225 7?7
v/—J_

Proof: Eenler  wi ghrmad X % 2

//o o ¥ c—:j; = s OQ(& O l
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Stochastic convergence ) T
preteh, clos eness b (= [X\« x( Cpth meme
7 7 .
LP hovm 0T X = (I xuﬁ’ ( EK(F)

of random variables converges in L, to a random variable X, p > 1, if

Convergence in LP

A sequence {X,

lim E|X, — X|P =0
n—oo

= [~ WX, =0
Notation: X, —» X. £ o W
Lp nerw O-[[GW} fLL /h*%//e
Remark:  erealh
X, and X need to be defined on the same probability space. 9 5
Uk-fi’ll‘r < 1(2‘!(,]'( (Thp
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Stochastic convergence

Examples:

o Let X, = Z+ 1, where Z ~ N(0,1), then X, — Z.

Proof: E[%~%(P‘E(%\JP; '\,),?_’70
[hus, .o 2 =
o Let X, = Z + Y,, where Z ~ N'(0,1), E(|Y,|P) = L, then X, = Z.

Proof: [ | Ka*%lfi (e m(l’gj‘/«i — 0 .

TL\/S, Kt,\ H 2 n L(;
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Stochastic convergence

Recall: A random variable X € LP if || X||r = (E|X|P)1/P < 00.
Xn — X in LP if limp_soo [[Xn — X]|1» = 0

Monotonicity of LP Convergence

If g > p >0, L9 convergence implies LP convergence

Proof: Wi wic l,-7rhpo\\»)ov r\\,\{[bV\LII‘L) n

TE 4> 9 50, then WX, £ (XU (L5 worm 07 b
/4 / 14 14 . o 1o

[eam¥lp £ M- X 77 Ce)
N L."'X[ -
g/\"f’( )(\..—) K i L£/ (V¢ L\C\.vw( ogj‘; [\K lL{‘ O .
S e Thomdoe, e bae s - K, 20 By (€)
e id

July 20, 2026 18 /24



Stochastic convergence

Recall: X, converges to X in probability if for any € > 0 lim,_o, P(| X, — X| > €) = 0.

LP convergence implies Convergence in Probability
If X, = X in LP, then X,, — X in probability.

I

Proof: heed To ghow anj ﬁrﬂw\
FOY Ch €.>O/ &f;uwp{ma \ ﬂ\‘u"ﬂ‘lAU,%D
P
pCikxre) = LI e”)
?
i [XL.'“¥( (.77 Mowha t‘(z\«.ika(f"}'

N

e?
[wa & ¥l =0

wh

—(l’l("\—(;“"‘/ we e [_;«3 [PC(Y-«"‘f)C) =0

Grwex %) RN I/P / e bt
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Stochastic convergence

Recall: X, converges to X in probability if for any € > 0 lim,_,oc P(|X, — X| > €) = 0.

a.s. Convergence implies Convergence in Probability

If X, — X almost surely, then X, — X in probability.

Proof:
Om it
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Stochastic convergence

Recall: X, converges to X in distribution if for any continuity point x of P(X < x),
limp—o00 P(Xn < x) = P(X < x) holds.

Convergence in Probability implies Convergence in Distribution

If X, — X in probability, then X, — X in distribution.

Proof: Omitted
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Stochastic convergence

Relationship between convergences (on complete probability space):

L3 L
— = —
s>r>1
a.s. P d
— = —_— = —

Figure: relationship between convergences
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Stochastic convergence

Highlights:
® Almost sure convergence implies convergence in probability:
X, 25X = X, DX

e Convergence in probability implies convergence in distribution:

x, Hx = x, %4 x

e |f X, converges in distribution to a constant ¢, then X,, converges in probability to
c:

d P . .
X, —c = X, — c, provided cis a constant.
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Problem Set

Problem 1: Prove that on a complete probability space, if X, L, X, then X, P x.
(Hint: use Markov's inequality)

Problem 2: Let Xj,---, X, be i.i.d. random variables with Bernoulli(p) distribution,
and X ~ Bernoulli(p) is defined on the same probability space, independent with X;'s.
Does X,, converge in probability to X7

Problem 3: Give an example where X, converges in distribution to X, but not in
probability.
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